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Streszczenie

Neutrina są neutralnymi cząstkami o znikomej masie, które niezwykle słabo oddziałują

z materią. Ich detekcja jest możliwa, lecz wyjątkowo trudna - obserwuje się cząstki,

które powstały w wyniku oddziaływań neutrin. Każdy pomiar bezpośrednio zależy od

modeli teoretycznych użytych w analizie danych. Pomostem między teorią a pomiarem

są generatory Monte Carlo. Umożliwiają one interpretację tego co się widzi w detek-

torze. W niniejszej rozprawie doktorskiej przedstawiony zostanie generator oddziaływań

neutrin NuWro, rozwijany przez grupę fizyków z Uniwersytetu Wrocławskiego.

Pierwsza część doktoratu poświęcona jest opisowi modeli fizycznych zaimplemen-

towanych w generatorze. Przedstawione zostaną oddziaływania neutrin na swobodnym

nukleonie: rozpraszanie elastyczne, produkcja pojedynczego pionu przez wzbudzenie re-

zonansu ∆(1232) i oddziaływania głęboko nieelastyczne oraz koherentne rozpraszanie

na jądrze, prowadzące do produkcji pionów. Szerzej omówione zostaną oddziaływania

przez prądy wymiany mezonów. Zachodzą one na co najmniej dwóch nukleonach i nie to-



warzyszy im produkcja nowych cząstek. Z doświadczalnego punktu widzenia niezwykle

trudno jest rozróżnić takie zdarzenia od elastycznych. Ostanie pomiary wskazują na to,

że dla neutrin o energiach rzędu 1 GeV oddziaływania przez prądy wymiany mezonów

mogą mieć istotny wkład do całkowitego przekroju czynnego.

W przypadku rozpraszania na jądrze dla wszystkich typów oddziaływań (oprócz ko-

herentnego) cząstki wyprodukowane w pierwotnym wierzchołku propagowane są przez

jądro. Jest to tzw. oddziaływanie stanów końcowych, które w NuWro realizuje się

w ramach modelu kaskady wewnątrzjądrowej. Jest to semi-kwantowy opis propagacji

cząstek, w którym zakłada się, że są one klasyczne i między zderzeniami poruszają się

po liniach prostych. Prawdopodobieństwo oddziaływania wyznacza się na podstawie

odpowiednich przekrojów czynnych. W NuWro rozważa się kaskadę pionów oraz nuk-

leonów. W rozprawie przedstawiony zostanie szczegółowo model Oseta dla niskoener-

getycznych pionów. Zaprezentowany będzie również fenomenologiczny model dla nuk-

leonów oraz rozszerzenie modelu Oseta dla wyższych energii.

Prawdopodobieństwo oddziaływań stanów końcowych jest bezpośrednio związane z

czasem kształtowania. Efekt ten przewidziany został przez Landaua i Pomeranchuka

dla elektronów, które ulegają wielokrotnemu rozpraszaniu. Na bazie formuły Landaua-

Pomeranchuka powstało wiele parametryzacji czasu kształtowania dla oddziaływań neu-

trin. Okazuje się jednak, że większość z nich działa tylko w określonym zakresie energii,

który zależy od danych użytych do dopasowania. W rozprawie zaproponowane zostanie

uniwersalne podejście, w którym dla każdej z dynamik używany jest inny model.

W drugiej części doktoratu dyskutowane będą wyniki otrzymane przy pomocy gen-

eratora NuWro. Zostaną zaprezentowane liczne porównania z danymi doświadczalnymi

oraz przewidywaniami innych generatorów. Ostatni rozdział poświęcony będzie analizie

danych eksperymentu MiniBooNE wykonanej przy użyciu generatora NuWro. Jest to

pierwsza analiza tych danych, w której dyskutuje się wpływ oddziaływań przez prądy

wymiany mezonów na oszacowanie parametrów czynników postaci.
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Abstract

The main goal of the PhD thesis is the investigation of nuclear effects and the imple-

mentation of them into a neutrino Monte Carlo event generator NuWro. A description

of physical models used in the generator is presented. Model of final state interactions

is described in a more detailed way, as it was an essential part of the PhD thesis. Many

quantum effects related to a propagation of particles through a nucleus, like Fermi

motion, Pauli blocking, or formation zone, are taken into account. NuWro predictions

are compared to experimental data and other generators results. Finally, a full anal-

ysis of the data for neutral current elastic neutrino scattering off CH2 measured by

the MiniBooNE experiment made using NuWro generator is presented. An influence of

two-body current contribution on the results is investigated.
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Chapter 1

Introduction

Neutrino is perhaps the most fascinating elementary particle. Its unique and still not

entirely understood properties make its research a challenge from both theoretical and

experimental points of view. The studying of neutrino is interesting itself, but it may

also be a key to understand the Universe. Neutrino interacts extremely weakly with

other particles. Thus, it can travel a large distance without any interactions providing

an undisturbed information about its source. The first step to extract this information

is to understand neutrino.

Neutrino interactions are described within the electroweak theory of the Standard

Model (SM). In the SM forces are expressed in terms of local gauge symmetries. In the

case of the electroweak sector the symmetry group is U(1)× SU(2). As a consequence

there are four gauge bosons, which mediate weak and electromagnetic interactions. The

W± and Z0 are the charged and neutral bosons of the weak force. Processes mediated

by the W± bosons (called charged current) involve an exchange of electric charge, so

particles change their identities through the emission or absorption of the W±. Processes

mediated by the Z0 (called neutral current) maintain particles identities.

There are three families of particles within the SM. Each one is composed of a

pair of quarks and a pair of leptons (a charged one and a neutrino). Charged current

interactions change the identity of a quark or a lepton within a single family. However,

there is a mechanism which allows the transition between families. It is based on the

fact that weak (or flavor) states are not the same as mass states, but they are mixtures

of them.

In the early formulation of the SM a neutrino was assumed to be a massless particle,

so the mass mixing was expected only in the quark sector. Because of the mass mixing

each quark mass state is in fact the superposition of three quark weak states. Thus, the

gauge boson acting on one of these states allows the passage from one family to another.
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If a neutrino had mass, the mass mixing would be also possible in the lepton sector.

If so, a neutrino produced in a specific flavor could be later registered in another one.

This phenomenon, called neutrino oscillations, was predicted by Bruno Pontecorvo.

There is no fundamental principle that requires a neutrino to be massless. In the SM

picture particles gain mass through an interaction with the Higgs boson, which leads

to a change of their handedness. Experiments have shown that observed neutrinos are

always left-handed. Thus, in the early SM there are no right-handed neutrinos, so there

is no mechanism for acquiring mass by neutrinos. However, there are possible extensions

of the SM which allow to introduce massive neutrinos.

The straightforward extension is to simply add a right-handed neutrino into the SM

and introduce a Dirac mass term as for other particles. However, this new field would

not couple to any of the SM gauge bosons. Thus, it is called sterile neutrino. Another

possibility is the assumption that a neutrino does satisfy the Majorana equation. This

approach does not require any new fields. It violates the lepton number conservation

instead and it would mean that neutrinos are their own antiparticles. It is also possible

to include both Dirac and Majorana mass terms. It leads to so called see-saw mechanism,

which may be an explanation for the smallness of neutrino masses.

The strength of the mass mixing in the lepton sector is defined by PMNS (Pontecorvo-

Maki-Nakagawa-Sakata) matrix1. For Dirac neutrinos PMNS is expressed by three mix-

ing angles (θ12, θ23, θ13) and the CP phase factor (δ). CP is the combination of charge

conjugation (C) and parity (P) symmetries. It is known from kaons decays studies,

that CP is violated in the quark sector. A non-zero value of δ would indicate also the

violation in the lepton sector.

The probability for neutrino oscillations depends on the mass mixing parameters as

well as the actual neutrino masses, or more precisely on the differences of their squares

(∆m2
21 ≡ m2

2 −m2
1, ∆m2

32 ≡ m2
3 −m2

2, ∆m2
31 = ∆m2

32 + ∆m2
21). Together there are six

free parameters within the oscillation model, which cannot be calculated and must be

determined from the experiment.

The first indication for neutrino oscillations was observed in the late 1960s by the

Homestake experiment. The neutrino flux produced in the Sun through nuclear fusion

(called solar neutrinos) was measured to be 2-3 times smaller than predicted by the

Standard Solar Model. The discrepancy was called the solar neutrino problem. Today

it can be well explained by the oscillation phenomenon. Although the MSW (Mikheyev-

Smirnov-Wolfenstein) effect must be taken into account in order to fully explain the

measured rate. The MSW effect describes how the presence of electrons in matter affects

1If PMNS was an identity matrix, there would be no mass mixing and no neutrino oscillations.
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the oscillations. Is is important at very large electron densities, like the core of the Sun,

where solar neutrinos are produced.

The first model-independent experimental evidence of neutrino oscillations was an-

nounced in 1998 by the Super-Kamiokande collaboration. A large zenith angle asym-

metry of atmospheric neutrinos events was observed. These neutrinos are produced in

collisions of comic rays with the atmosphere. Thus, the distance traveled by them (so

the probability for the oscillations) until they reach the detector depends on the zenith

angle. At 90% confidence level the data was consistent with two-flavor oscillations model

with sin2(2θ23) ≡ sin2(2θatm) > 0.82 and 5 · 10−4 < |∆m2
32| ≡ ∆m2

atm < 6 · 10−3 eV2.

Many other experiments have been arranged in order to measure the oscillations

parameters. The combined analysis of global data for solar neutrinos and the KamLAND

results led to “solar” parameters values sin2(2θ12) ≡ sin2(2θsol) = 0.87 ± 0.03 and

∆m2
21 ≡ ∆m2

sol = 7.59 · 10−5 eV2. The sign of ∆m2
32 is still unknown. However, the

MINOS collaboration provided the high precision measurement of its absolute value,

which was established to be |∆m2
32| = 2.43±0.13·10−3 eV2. The result was confirmed by

the T2K collaboration about one month ago. From the muon neutrino disappearance

studies the values of |∆m2
32| = 2.51 ± 0.10 · 10−3 eV2 and sin2(2θ23) = 0.514+0.055

−0.056

were obtained. About a year ago the T2K collaboration gave also for the first time an

indication of non-zero value of the θ13 angle. From the electron neutrino appearance

studies they obtained the value of sin2(2θ13) = 0.140+0.038
−0.032. Shortly after, Daya Bay,

RENO and Double Chooz experiments confirmed the results. The last of them provided

the most precise measurement of sin2(2θ13) = 0.092± 0.017.

T2K is one of several accelerator experiments focused on a studying of the oscilla-

tions phenomenon. Muon neutrinos produced at J-PARC (Japan Proton Accelerator

Research Complex) travel 295 km to the Super-K water Cherenkov detector. It is posi-

tioned at 2.5 degree angle to the center of the neutrino beam. The off-axis part of the

beam ensures a narrower spectrum of neutrino energies. There is an additional detector

within the beam path, called ND280. It measures the number of muon neutrinos in the

beam before any oscillations occur, allowing to minimize the systematic error coming

from flux uncertainty (from 21-26% to 3-5%).

The reconstruction of events rests on the analysis of the final state particles. For

typical neutrino energies in the T2K flux interactions are dominated by charged current

quasi-elastic (CCQE) processes. However, there is about 15% contribution coming from

single pion production. If a pion is absorbed by nuclear matter through final state inter-

actions (FSI), these events will be indistinguishable from CCQE ones2. The systematic

2Experimentally, CCQE is defined as events with charged lepton and no meson in the final state.
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error coming from FSI is estimated to be 3-8%.

Two-body current (or np− nh) interactions are another significant background for

CCQE. They occur on at least two nucleons and no particles are created in the process,

so there is a lepton and n nucleons in the final state. For neutrino energy around 1 GeV

there is about 10% contribution to the CCQE cross section from these events. So far,

the two-body current contribution has not been taken into account in any analysis. The

interest in np − nh processes in neutrino physics began after recent measurements of

axial mass (the phenomenological parameter controls the CCQE cross section). They

suggest significantly larger value than older experiments, which were performed on

deuteron target or with the high energy neutrino beam - in both cases the two-body

current contribution is negligible.

Monte Carlo (MC) method is the only possibility to analyze experimental data.

There are several MC neutrino event generators and they are all based on similar

assumptions. The primary neutrino interaction (primary vertex, PV) and FSI are con-

sidered separately. There are several dynamics distinguished in the case of PV, for both

charged and neutral current channels. Each one is described individually within one

of available theoretical models. Note, that neutrino cross sections are known with the

precision of about 20-30% and generators can not do better. In the case of T2K the

systematic error coming from neutrino interactions models was estimated to be 7-8%.

Intranuclear cascade (INC) is the natural approach for the FSI in the MC picture. The

knowledge of hadron-nucleon in medium cross sections is necessary.

During my Ph.D. I have been developing NuWro - Monte Carlo neutrino event gen-

erator, created by a group of physicist from the Wrocław University. My work was

concentrated on the FSI model described within the INC picture3. I implemented many

new models and quantum effects. Each update was tested by comparing NuWro pre-

dictions with experimental data and other generators results. I have been also studying

the impact of the two-body current contribution on the estimation on the form factors

parameters.

The general scheme of the cascade (based on the old Metropolis model) has already

been done, when I started my work on NuWro. I implemented the Oset model for low-

energy pions. It is a theoretical model, based on the pion-nucleon optical potential.

The quasi-elastic scattering (including charge exchange processes) and absorption are

considered. For high-energy pions I proposed a phenomenological model, where quasi-

elastic and charge exchange scattering, absorption and pion production processes are

3Only propagation of nucleons and pion is considered.
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distinguished. The angular distributions are based on SAID model. I also upgraded

the nucleon cascade. High-energy extension to Metropolis model has been introduced.

An effective approach to the impact of nuclear potential on nucleons energy has been

implemented.

The probability of re-interactions is controlled by formation time effect. I imple-

mented several parameterizations of the formation time and confronted them with ex-

perimental data. It turns out that typically each parameter works only in a certain

energy range, which depends on experimental data uses for the fit. I proposed a univer-

sal approach, where various models of formation time are used for specific dynamics.

In 2009 the MiniBooNE collaboration published the data for the neutral current

elastic neutrino-CH2 cross section. Such measurement is difficult mainly due to a lack

of charged lepton in the final state. The result are presented as the sum of reconstructed

kinetic energy of all nucleons in the final state for events without any charged lepton or

pion. The reconstructed energy is related to the true one with response matrices, which

define the energy smearing out in the detector and the efficiency. In the MiniBooNE

analysis five signals are considered: elastic scattering on hydrogen; elastic scattering on

proton from carbon unaffected by final state interactions; elastic scattering on proton

from carbon affected by final state interactions; elastic scattering on neutron and an

irreducible background (pion production and its absorption by nuclear matter). The

two-body current contribution is not taken into account. The measured value of axial

mass (1.39± 0.11 GeV) is significantly larger then older estimations (∼ 1 GeV).

I redone the analysis of MiniBooNE data using NuWro. I investigated the impact of

two-body current contribution on the axial mass estimation and proposed the unfolding

procedure for these processes. The Transverse Enhancement model for neutral current

channel I implemented in NuWro was used in the analysis. The final results indicate

that the inclusion of np− nh interactions into the analysis lead to the axial mass value

consistent with older measurements.

As I mentioned before, there are several MC neutrino event generators based on

similar basis. However, their predictions still can differ significantly on the level of both

primary vertex and final state interactions. The systematics errors coming from PV and

FSI are of order 7-8% and 3-8%, respectively. There is an obvious need to improve the

generators. It requires both theoretical and computer work. The main focus should be

on pion production models and the two-body current contribution. Experimentally, it is

hard to distinguished between np− nh processes and single pion production with pion

absorbed by nuclear matter. They are both significant background for CCQE reactions.
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Good theoretical models as well as accurate experimental methods are necessary to

understand neutrino interactions.
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Chapter 2

NuWro

In this chapter NuWro Monte Carlo neutrino event generator is presented. Basic in-

formation about the generator is introduced in Sec. 2.1. In Sec. 2.2 there are details

about the implementation of primary vertex (PV), including descriptions of all basic

dynamics. Sec. 2.3 is devoted to nucleus models used in NuWro. Final state interactions

model is presented in Sec. 2.4.

2.1 Generalities

NuWro [22] is a Monte Carlo (MC) neutrino event generator with a basic scheme sim-

ilar to other generators, like NEUT [23], GENIE [24] or NUANCE [25]. It has been

developed for over 9 years at the Wroclaw University by the group of theorists under

the direction of Jan Sobczyk, who was encouraged by Danuta Kiełczewska1. The gen-

eral structure of the code is prepared and maintained by Cezary Juszczak, who is an

author of many parts of the generator. The basic model of pion production processes

was implemented by Jarosław Nowak2 during work on his PhD thesis. I was responsi-

ble for the improvement of the existing model of final state interactions (FSI). Many

others, including Krzysztof Graczyk and Jakub Żmuda, have also contributed to the

development of NuWro.

All basic dynamics for neutrino scattering processes are included in NuWro, for both

neutral (NC) and charged (CC) currents:

• elastic scattering (EL) for NC, or quasi-elastic (QEL) for CC (see Subsec. 2.2.2);

1Professor of Physics at Warsaw University.
2Currently lecturer at Lancaster University.

7



• pion production through ∆(1232) resonance excitation with a non-resonant back-

ground (RES) (see Subsec. 2.2.3);

• more inelastic scattering, usually (in the MC community) called deep inelastic

scattering (DIS) (see Subsec. 2.2.4);

• two-body current interaction, also called n particles - n holes (np − nh) (see

Subsec. 2.2.5);

• coherent pion production (COH) (see Subsec. 2.2.6).

In the first three cases interactions occur on a single nucleon from a nucleus in the

Impulse Approximation (IA) regime (see Subsec. 2.2.1). Two-body current scattering

goes beyond IA and neutrino interacts with at least two nucleons. Coherent pion pro-

duction occurs on a whole nucleus. For all dynamics, but the coherent, the primary

vertex is followed by final state interactions based on the intra-nuclear cascade model

(see Sec. 2.4).

In the case of scattering off free nucleon NuWro simulates reactions for neutrino

energies from threshold to TeV. However, for neutrino-nucleus processes there is a limit

coming from IA (discussed in Subsec. 2.2.1).

A beam can be set manually or can be loaded from a ROOT [26] format file. It is

possible to use mixed beams with different kinds of neutrino flavors.

The generator provides a multiplicity of choices for a description of a target nucleus,

including Fermi gas (FG) and spectral function (SF). Nuclear density distributions are

tabulated for many nuclei. The tables are based on Ref. [27]. More information about the

nucleus models can be found in Sec. 2.3. NuWro also contains various parameterizations

of nuclear form factors (FF) and has a detector geometry module. Many quantum

effects, like Pauli blocking (PB) or formation zone (FZ), are included. All together

NuWro is a complete tool to use in neutrino experiments.

In the past few years NuWro has become appreciated by experimental physicists.

Not being an official generator of any collaboration, it has more opportunity to quick

updates. Many theoretical models appear in NuWro long before they are implemented

in other MCs. Therefore, NuWro is very often used to crosscheck new models introduced

to generators.

T2K collaboration [28] has used NuWro predictions to estimate systematic errors.

NuWro was the only generator at that time with successfully implemented spectral

function. Various distributions for QEL neutrino-oxygen scattering, obtained with FG

and SF, was used to check the uncertainty coming from theoretical nucleus models.
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Figure 2.1: The NuWro cross sections predictions on an isoscalar target, compared to
the ANL 12-feet, BNL 7-feet, NOMAD, SciBooNE (opened - NEUT based analysis,
closed circles - NUANCE based analysis), MINOS and T2K data.

Recently, MINERvA collaboration published the measurement of the flux-averaged

differential cross section dσ/dQ2 (Refs [29, 30]). Data was compared to NuWro calcu-

lations to investigate the effect of using SF instead of FG model, as well as the impact

of the two-body current contribution.

As an input, NuWro uses a text file (params.txt), where one can set a beam, target

specifications and many other parameters, like axial mass or the form factor parame-

terization. For detailed description of params.txt file see Appx. A.

The results of a simulation are saved in a ROOT format file, which contains a

complete tree with all information about the events. The output contains also a text

file with total cross sections for each dynamics, normalized to cm2/nucleon.

The NuWro code is written in C++ language. It is freely available from the repos-

itory [31]. The basic information necessary to install, run and analyze the output can

be found in [22, 32, 33].

2.2 Primary vertex

Primary vertex describes an initial neutrino-nucleon (-nucleus) interaction. For all chan-

nels (but the coherent) the particles created in PV are propagated through nucleus (see

Sec. 2.4). The NuWro predictions for QEL, RES (with non-resonant background), DIS

and total cross section together with ANL, BNL, NOMAD, SciBooNE, MINOS and
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T2K are presented in Fig. 2.1.

In this section all dynamics for primary vertex are described. First subsection is

devoted to Impulse Approximation. (Quasi-)elastic scattering (Subsec. 2.2.2), resonance

pion production (Subsec. 2.2.3) and deep inelastic scattering (Subsec. 2.2.4) are done

under IA assumption. In the case of two-body current (Subsec. 2.2.5) the interaction

occurs on at least two correlated nucleons. Coherent pion production (Subsec. 2.2.6)

describes scattering on whole nucleus.

2.2.1 Impulse Approximation

The description of lepton-nucleus scattering processes depends on the momentum trans-

fered to the nucleon system ~q. For low |~q| the impact area (∼ 1
|~q|) usually includes many

nucleons and the interaction leads to nuclear excitations. If |~q| is high one can adopt a

picture in which the lepton scattering occurs on a single nucleon (Impulse Approxima-

tion, see Fig. 2.2). It has been shown (Ref. [39]), that IA is reliable for the momentum

transfer larger than 350− 400 MeV/c.

In IA squares of transition matrices for the lepton-nucleon scattering are summed

up and interference terms are neglected. In terms of cross section it means that:

σA =
Z∑
i=1

σp(p
(p)
F,i) +

A−Z∑
i=1

σn(p(n)
F,i ) (2.1)
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Figure 2.3: The NuWro prediction for the quasi-elastic scattering cross section (LFG,
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2.2.2 (Quasi-)elastic scattering

For electron/muon scattering, the quasi-elastic term means that the elastic interaction

occurs on a bound nucleon inside nucleus. In the case of neutrino the terminology is

different. Elastic scattering is the process without charge exchange (neutral current):

ν(ν) + p → ν(ν) + p (2.2)

ν(ν) + n → ν(ν) + n (2.3)

while quasi-elastic scattering is an interaction with charged lepton in the final state

(charged current):

ν + n → l− + p (2.4)

ν + p → l+ + n (2.5)

In NuWro for (Q)EL cross sections the Llewellyn-Smith formula3 (Ref. [42]) is used:

3The same model is used in most of MC generators.
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dσν/ν

d|q2|
=
M2G2

(
fCC/NC

)2

8πE2
ν

[
A(q2)∓B(q2)

(
s− u
M2

)
+ C(q2)

(
s− u
M2

)2
]

(2.6)

where M = (Mp + Mn)/2 is average mass of nucleons, G - Fermi constant, fCC =

cos θC (θC - Cabibbo angle), fNC = 1, q2 = −Q2 is the square of four-momentum

transfer, s and u are Mandelstam variables:

s = (k + p)2 = (k′ + p′)2 (2.7)

u = (k − p′)2 = (k′ − p)2 (2.8)

where k(k′) and p(p′) are four-momenta of incoming (outgoing) lepton and nucleon,

respectively. A, B, C functions are expressed by nucleon form factors:

A =
1
4

(
m2

M2
− z

) [
(4− z) (GA)2 − (4 + z)

(
F V

1

)2
− y

(
F V

2

)2
(

1 +
1
4
z
)

− 4F V
1 F

V
2 z −

m2

M2

((
F V

1 + F V
2

)2
+ (GA + 2FP )2 + (z − 4) (FP )2

)]
(2.9)

B = −zGA

(
F V

1 + F V
2

)
(2.10)

C =
1
4

(GA)2 +
(
F V

1

)2
− z

(
F V

2

2

)2
 (2.11)

where z ≡ q2

M2
, m is a mass of a charged lepton or a neutrino for CC or NC scattering,

respectively. Note, that the vector (F V
1,2) and axial (GA) form factors are different for

CC and NC interactions4. The vector FFs are related to electromagnetic ones due to

CVC:

(
F V

1,2

)CC
= F p

1,2 − F n
1,2 (2.12)(

F V
1,2

)NC,p/n
= ±1

2

[
F p

1,2 − F n
1,2

]
− 2 sin2 θWF

p/n
1,2 −

1
2
F s

1,2 (2.13)

where θW is the Weinberg angle. Proton and neutron electromagnetic form factors

are normalized as following: F p
1 (0) = 1, F n

1 (0) = 0, F p
2 (0) = µp − 1, F n

2 (0) = µn (µp

4All form factors are functions of Q2. The argument is skipped to simplify the notation.
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and µn are the magnetic moments of proton and neutron in the units of the nuclear

magneton µn = e/2Mp). They are expressed by:

F
V,p/n
1 =

(
1− 1

4
y
)−1 [

G
p/n
E − 1

4
yG

p/n
M

]
(2.14)

F
V,p/n
2 =

(
1− 1

4
y
)−1 [

G
p/n
M −Gp/n

E

]
(2.15)

where electric (GE) and magnetic (GM) form factors are extracted form the elec-

tron scattering data (for review see Ref. [43]). There are several parameterizations of

electromagnetic FFs in NuWro - see App. A for details (parameter qel vector ff set).

For the axial form factors and the vector strange form factor the dipole form is

assumed:

GCC
A = gA

(
1 +Q2/M2

A

)−2
(2.16)

G
NC,p/n
A =

1
2

(
1 +Q2/M2

A

)−2
(±gA − gsA) (2.17)

F s
1,2 = F s

1,2(0)
(
1 +Q2/4M2

)−1 (
1 +Q2/M2

V

)−2
(2.18)

where gA = 1.2670±0.0035 is determined from nucleon β decay (Ref. [44]). MA is the

axial mass and gsA is the contribution of quark-antiquark pairs to the spin of the nucleon.

Both parameters are discussed in details in Ch. 4. F s
1 (0) = −1

6 〈r
2
s〉 = 0.53 ± 0.70 and

F s
2 (0) = µs = −0.40 ± 0.72 are established for vector mass MV = 0.84 GeV (see Ref.

[45]) with 〈r2
s〉 interpreted as the mean square strangeness radius and µs - the strange

magnetic moment of the nucleon. Alternative (but similar) values for vector strange

form factors at Q2 = 0 can be found in Ref. [46]. The pseudoscalar axial form factor

can be expressed (according to PCAC) by the axial form factor:

FP =
4M2

m2
π +Q2

GCC
A (2.19)

The NuWro prediction for QEL scattering on an isoscalar target together with ANL

and MiniBooNE data is presented in Fig. 2.3.

2.2.3 Resonance pion production

The RES channel in NuWro is defined in terms of invariant mass W , which is given by

the following formula:
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W 2 =
(∑

i

pi

)2

(2.20)

where pi are four-momenta of all final state particles, but the lepton. All pion pro-

duction processes with W from Wth = M+mπ (the sum of pion and nucleon masses) to

the res dis cut parameter value from params.txt (1.6 GeV by defualt, see App. A) are

classified as RES events. Thus, RES contains resonance pion production, non-resonant

background and also two pion production processes with W < 1.6 GeV (see 2.2.4.1).

For the neutrino energy of the order of few GeV inelastic interactions are dominated

by single pion production (SPP) processes with the largest contribution coming from

∆(1232) resonance excitation:

ν + p → l− +
(
∆++ → p+ π+

)
(2.21)

ν + n → l− +
(
∆+ → p+ π0 or n+ π+

)
(2.22)

ν + p → l+ +
(
∆0 → p+ π− or n+ π0

)
(2.23)

ν + n → l+ +
(
∆− → n+ π−

)
(2.24)

ν(ν) + p → ν(ν) +
(
∆+ → p+ π0 or n+ π+

)
(2.25)

ν(ν) + n → ν(ν) +
(
∆0 → p+ π− or n+ π0

)
(2.26)

For each channel relative amplitudes can be calculated from Clebsh-Gordan coeffi-

cients (Ref. [47]). In NuWro the Adler-Rarita-Schwinger formalism (see Refs. [48] and

[49]) is used to calculate the cross section:

dσ
dWdQ2

= G2 cos2 θC
Wg(W )
π2ME2

ν

[
−(Q2 +m2)W1 +

W2

M2

(
2 (pq) (pk′)

M2

2

(
Q2 +m2

))

−W3

M2

(
Q2 (kp)− 1

2

(
Q2 +m2

)
(pq)

)
+
W4

M2

m2

2

(
Q2 +m2

)
− 2

W5

M2
m2 (kp)

]
(2.27)

where Q2 = −q2, p, k, k′ are four-momenta of initial nucleon, incoming and outgoing

lepton and

g(W ) =
Γ∆/2

(W −M∆)2 + Γ2
∆/4

(2.28)

is the Breit-Wigner formula introducing the ∆ width (Γ∆). Wi functions are ex-

pressed by the structure functions for ∆ resonance (Vi): Wi = Vi/2MM∆. The structure
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functions depend on vector and axial form factors CV,A
i :

V1 =

(
CV

3

)2

M2

2
M2

∆

[
α2β +M2

∆

(
(qp)2 +Q2M2 +Q2MM∆

)]
+ 2

(
CV

4

)2

M4
α2β− (2.29)

+
CV

4 C
V
3

M3

2
M∆

α
[
α (β− −MM∆) +M2

∆qp
]

+ 2


(
CA

4

)2

M4
α2 +

(
CA

5

)2
+ 2

CA
4 C

A
5

M2
α

 β+

V2 =
(
CV

3

)2 2
M2

∆
Q2

(
β +M2

∆

)
+

2
(
CA

4

)2

M2
Q2β+ +

2CV
3 C

V
4

MM∆
Q2

(
β− −MM∆ +M2

∆

)

+ 2

(CA
5

)2 M2

M2
∆

+

(
CA

4

)2

M2
Q2

 (β +M2
∆

)
(2.30)

V3 =
4
M∆

(
−C

V
3 C

V
4

M
α− CV

3 C
A
5 M

)(
2M2

∆ + 2MM∆ − α
)

+ 4α
(
CV

4 C
A
4

M2
α− CV

4 C
A
5

)
(2.31)

V4 =
2
M2

∆

(
CV

3

)2 [
(qp+ α) β −M2

∆

(
M2 +MM∆

)]
+ 2

(
CV

4

)2
(qp+ α) β− (2.32)

+ 2
CV

3 C
V
4

MM∆

[
(qp+ α) (β− −MM∆) + qpM2

∆

]
+ 2

(CA
5

)2 M2

M2
∆

+

(
CA

4

)2

M2
(qp+ α)

+

(
CA

6

)2

M2M2
∆

(
α2 +Q2M2

∆

)
+ 2CA

4 C
A
5 − 2

CA
4 C

A
6

M2
qp− 2

CA
5 C

A
6

M2
∆

(
M2

∆ − α
) β+

V5 = 2

(
CV

3

)2

M2
∆

qp
(
β +M2

∆

)
+ 2

(
CV

4

)2

M2
qpβ+ + 2

CV
3 C

V
4

MM∆
qp
(
β− −MM∆ +M2

∆

)

+ 2


(
CA

4

)2

M2
qp+

(
CA

5

)2 M2

M2
∆

+ CA
4 C

A
5 −

CA
4 C

A
6

M2
Q2 +

CA
5 C

A
6

M2
∆

 β+ (2.33)

where α ≡ qp − Q2, β ≡ qp + M2, β− ≡ β −MM∆, β+ ≡ β + MM∆. There are

several parameterizations of form factors (CV,A
i ) implemented in NuWro (for details see

App. A, parameter delta FF set). As the default the ones from Ref. [50] are used.
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NuWro’s approach to the resonance pion production is different from other MC

generators (e.g. NEUT, GENIE), which use Rein-Sehgal model (Ref. [51]).

2.2.4 Deep inelastic scattering

In this thesis all processes more inelastic than the ones defined in RES (with W >

1.6 GeV) are called deep inelastic scattering. For high energy neutrinos DIS:

ν (ν) +N → l−
(
l+
)

+X (2.34)

ν (ν) +N → ν (ν) +X (2.35)

becomes a dominant process. In NuWro DIS processes are considered within the

quark-parton model (Ref. [52]), so the neutrino-nucleon interactions are described by

the scattering on quarks and gluons. This approach is based on quark-hadron duality

(Ref. [53]) - the observation, that for high-energies resonances are averaged by the

structure functions. The formalism used in NuWro is based on Ref. [54] with the cross

section given by:

d2σν/ν

dxdy
=

G2MEν

π
(
1 +Q2/M2

W,Z

)2

[
y

(
xy +

m2

2EνM

)
F1 (2.36)

+
(

1− y − Mxy

2Eν
− m2

4E2
ν

− m2

2MEνx

)
F2 ±

(
xy
(

1− y

2

)
− y m2

4MEν

)
F3

]

where x = Q2/2Mν, y = ν/Eν , ν is the energy transfer and Fi are structure

functions expressed by the parton distribution functions (PDF) qj:

F1

(
x,Q2

)
=

∑
j

[
qj
(
x,Q2

)
+ q̄j

(
x,Q2

)]
(2.37)

F2

(
x,Q2

)
= 2xF1

(
x,Q2

)
(2.38)

F3

(
x,Q2

)
= 2x

∑
j

[
qj
(
x,Q2

)
− q̄j

(
x,Q2

)]
(2.39)

PDF’s are taken from Ref. [55] with the modification from Ref. [56]. The final state

hadrons are obtain using PYTHIA6 hadronization routine (Ref. [57]).
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2.2.4.1 Non-resonant background

Experimental data indicate, that there is a contribution to the ∆ resonance region

coming from other resonances or non-resonant processes, usually called non-resonant

background (NRB). According to quark-hadron duality NRB can be described in terms

of parton distribution functions.

In NuWro NRB is modeled as a contribution to one-pion channels from DIS for-

malism. The smooth transition from ∆ to DIS is made for the invariant mass range

W = (Wmin,Wmax) = (1.3, 1.6) GeV:

dσSPP

dW
=

dσ∆

dW
(1− α(W )) +

dσDIS

dW
F SPP (W )α(W ) (2.40)

where

α(W ) = Θ (Wmin −W )
W −Wth

Wmin −Wth

α0 (2.41)

+ Θ (Wmax −W ) Θ (W −Wmin)
W −Wmin + α0 (Wmax −W )

Wmax −Wmin

+ Θ (W −Wmax)

The threshold for single pion production Wth = M +mπ. The NRB contribution is

different for each SPP channel (Ref. [58]), so α0 is fitted independently for each pion

production process. The one-pion function:

F SPP (W ) =
dσDIS−SPP/dW

dσDIS/dW
(2.42)

gives the probability for single pion in the final state in DIS formalism and it is

calculated for each one-pion channel separately.

2.2.5 Two-body current contribution

It is well known from the electron scattering data that two-body current interactions

give a significant contribution to the cross section between QEL and ∆ peaks (so called

“dip region”). The recent MiniBooNE measurement of the CC QEL double differential

cross section (Ref. [41]) suggests, that np − nh may be also important in neutrino-

nucleus scattering interactions (see e.g. Refs. [59–61]). From theoretical point of view,

two-body currents ensure the gauge invariance of the theory (Ref. [62]).

In np−nh processes n nucleons are emitted from the primary vertex. Because of final
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(c) ∆ pole and ∆ pole crossed terms.

Figure 2.4: Feynman diagrams for the two body current contribution.

state interactions it is difficult to distinguish between QEL, pion production (with π

absorbed by the nuclear matter) and np−nh events in the detector. A good theoretical

model of np − nh contribution within Monte Carlo generators is necessary to find the

evidence of two-body current events in experimental data.

Some of Feynman diagrams for the 2p − 2h interactions are presented in Fig. 2.4.

Some authors refer to contact terms (Fig. 2.4a) and the so called pion-in-flight term

(Fig. 2.4b) as Meson Exchange Currents (MEC) contributions, while another include

also ∆-terms (Fig. 2.4c) into MEC. To avoid confusion in this thesis MEC term is no

longer used.

There are four models of np− nh available in NuWro:

• Nieves model (Ref. [63]) with the extension to higher energies (Ref. [64]) (only

for CC);

• Marteau-like model (Ref. [65]) (only for CC);

• MEChM-like model (as above with new elementary response functions from Ref.

[66]) (only for CC);

• Transverse Enhancement (TE) model (Ref. [60]) (for both NC and CC).
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Figure 2.5: The cross section for QEL (LFG, MA = 1.03 GeV) neutrino-carbon scatter-
ing and the np− nh contribution.

Nieves, as well as the original Marteau and MEChM models are microscopic calcu-

lations within the local Fermi gas picture. The Marteau model takes into account only

∆-terms (Fig. 2.4c) and so called nucleon correlations terms, while the Nieves model

counts all diagrams presented in Fig. 2.4, nucleons correlations and so called pion pole

terms. The virtual meson exchanged between the nucleons is just pion for Marteau,

while Nieves considers also the ρ meson exchange contribution. Both models use Oset’s

parameterization for ∆ self-energy (Ref. [67]). The medium polarization and collective

effects are considered in the random phase approximation (RPA) picture in both mod-

els. Nieves model is relativistic, while the original Marteau model is not, but it has a

relativistic correction (Ref. [61]). MEChM model is an upgraded version of the Marteau

model done by Martini, Ericson, Chanfray and Marteau.

There are some simplifications in Marteau-like and MEChM-like respect to the

original ones. The correlation part is not taken into account. The relativistic kinematics

of nucleons is used. The constant value of Fermi momentum is kept and the local density

effects are included in the approximate way.

Transverse Enhancement model is an effective approach to the two-body current

interactions. It is based on the analysis of the electron-carbon scattering data. The np−
nh contribution to the (Q)EL cross section is introduced by the following modification

19



-1 -0.5 0 0.5 1
cos θ

0

0.2

0.4

0.6

0.8

1

T
k

[G
eV

]

0

2

4

6

(a) Nieves model.

-1 -0.5 0 0.5 1
cos θ

0

0.2

0.4

0.6

0.8

1

T
k

[G
eV

]

0

3

6

9

12

(b) Marteau-like model.

-1 -0.5 0 0.5 1
cos θ

0

0.2

0.4

0.6

0.8

1

T
k

[G
eV

]

0

3

6

9

(c) MEChM-like model.
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Figure 2.6: Lepton kinematics for the np−nh contribution in the case of 1 GeV neutrino
scattering off carbon.

of the vector magnetic form factors:

G
p/n
M → G̃

p/n
M =

√
1 + AQ2 exp−Q

2

B
G
p/n
M (2.43)

where A = 6 GeV−2, B = 0.34 GeV2 and the axial mass value for TE model is fixed

to be Mnp−nh
A = 1014 MeV, as assumed in Ref. [60]. To obtain np − nh cross section
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one needs to subtract the (Q)EL contribution:

(
dσν/ν

dQ2

)np−nh
CC

≡ dσQEL

dQ2
(G̃p/n

M )− dσQEL

dQ2
(Gp/n

M ) (2.44)

(
dσν/ν

dQ2

)np−nh
NC

≡ 1
2

[(
dσEL

dQ2
(G̃p

M)− dσEL

dQ2
(Gp

M)
)

(2.45)

+
(

dσEL

dQ2
(G̃n

M)− dσEL

dQ2
(Gn

M)
)]

The cross section calculation for all four models (as implemented in NuWro) for the

charge current neutrino-carbon scattering are presented in Fig. 2.5a. MEChM model

predicts the highest two-body current contribution (note the logarithmic scale). Other

models agree with each other for the neutrino energy around 1 GeV, but there is a

large discrepancy for lower energies. It can be easily seen on Fig. 2.5b, which presents

the fraction of 2p− 2h events in the QEL+(2p− 2h) sample. Note, that original Nieves

model breaks down for neutrino energies Eν > 1.5 GeV. However, there is a correction

involving a cut on three-momentum transfer (Ref. [64]), which extends the model up

to 10 GeV.

In Fig. 2.6 there are predictions for lepton kinematics for each model. In the TE

model the lepton kinematics is based on QEL one with the assumption, that a target

nucleon is at rest. Other models have two maximums related to contact and ∆ terms.

NuWro is the only MC generator with all four models for np − nh contribution

implemented in the code. NEUT uses the Nieves model with the extension to higher

energies (Ref. [64]), GENIE uses Dytman model (Ref. [68]), while other generators do

not have the two-body current contribution implemented yet.

2.2.5.1 Multi-nucleon ejection model

All models for the two-body current contribution provide only the inclusive double

differential cross section for the final state lepton. Nucleon kinematics is obtained using

multi-nucleon ejection model (Ref. [69]) by the following scheme:

• set randomly the four-momenta (p1 and p2) of the initial nucleons from the Fermi

sphere with a radius determined by the local nuclear density;

• calculate the four-momentum of the hadronic system: W = p1 + p2 + q;

• repeat steps 1. and 2. until the invariant hadron mass is larger than mass of two

nucleons (W 2 > (2M)2);
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Figure 2.7: The most energetic nucleon kinematics for the np− nh contribution in the
case of 1 GeV neutrino scattering off carbon.

• make the Lorentz boost to the hadronic center of mass system;

• isotropically select momenta of two final state nucleons;

• boost back to the laboratory frame.

Because of different distributions of the energy transfer (see Fig. 2.6), there is a

large disagreement between the np− nh models in the energy distributions of the final

state nucleons (Fig. 2.7a). This may be very important in experiments with Cherenkov

detectors. For example, the Cherenkov threshold for protons in water is Tk ∼ 480 MeV.

Nieves and MEChM models predict much more protons above this threshold than

Marteau and TE. They also predict more forward directions of knock-out nucleons (see

Fig. 2.7b).

2.2.5.2 Correlations

As it was mentioned in the previous subsection, the np − nh models give only the

inclusive cross section, not saying anything about final state nucleons. There are several

possible channels for two-body current:
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ν + p+ n → l− + p+ p (2.46)

ν + n+ n → l− + p+ n (2.47)

ν + p+ n → l+ + n+ n (2.48)

ν + p+ p → l+ + p+ n (2.49)

ν(ν) + 2N → ν(ν) + 2N (2.50)

The probability of the mixed isospin pair in the charged current interactions is

defined in NuWro by arbitrary pCC parameter, with the default value pCC = 0.6. In

the case of NC processes every isospin initial state pair is possible. To keep the same

proportion between mixed and non-mixed pairs and assuming the same probability to

have n − n and p − p pairs, the parameter pNC = (2/pCC − 1)−1 is introduced, giving

the likelihood of a mixed pair to be selected in a NC two-body current reaction.

It is not clear, what the value of pCC parameter should be. Electron data suggests

(see e.g. Ref. [70]), that about 20% of interactions occur on correlated pairs of nucleons,

dominated by the ones with opposite isospin5. The estimation of the pCC parameter

is based on the assumption, that in 20% of cases there is always the mixed isospin

pair and in other cases each pair is equally likely. Thus, the value of pCC parameter

is pCC = 0.2 + 0.8 ∗ 0.5 = 0.6. However, more studies is needed and for now pCC is

treated as a free parameter, which can be set in the params.txt file. More discussion

about correlations can be found in 2.3.2.2.1.

2.2.6 Coherent pion production

In coherent pion production interaction occur on a whole nucleus (N ):

ν +N → l− + π+ +N (2.51)

ν +N → l+ + π− +N (2.52)

ν(ν) +N → ν(ν) + π0 +N (2.53)

NuWro uses the Rein-Sehgal model6 (Ref. [71]) for COH reactions. Note, it is not

the same model as used for RES. Estimation of the coherent π0 cross section is based

5Is it the same for weak interactions?
6The same model is used in the most of MC generators.
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on the Adler’s PCAC formula (Ref. [72]), which describes the forward scattering:

(
dσ

dxdyd|t|

)NC COH

Q2=0

=
G2MEν
π2

1
2
f 2
π (1− y)

dσ (π0N → π0N )
d|t|

∣∣∣∣∣
Eπ=ν

(2.54)

where t is the Mandelstam variable (t = −Q2), y = ω/Eν , fπ = 0.93mπ is the

pion decay constant. Non-forward directions (Q2 6= 0) are introduced by the following

modification of the formula:

(
dσ

dxdyd|t|

)NC COH

=
(

dσ
dxdyd|t|

)NC COH

Q2=0

(
1

1 +Q2/1 GeV2

)2

(2.55)

The πN differential cross section is expressed by:

dσ (π0A→ π0A)
dt

= A2 |FN (t)|2 dσ (π0N → π0N)
dt

∣∣∣∣∣
t=0

(2.56)

where A in the atomic mass number. The pion-nucleon differential cross section in

the forward direction is calculated within the optical theorem:

dσ (π0N → π0N)
dt

∣∣∣∣∣
t=0

=
1

16π

[
σπ
0N

tot

] (
1 + r2

)
(2.57)

where r is the ratio of the real and imaginary parts of the scattering amplitude

r = Re fπN(0)/ Im fπN(0) ≈ 0.2, the total cross section for neutral pion scattering off

nucleon is assumed to be the average of the ones for charged pions (taken from tables

from Ref. [73]):

σπ
0N

tot =
1
4

[
σπ
+D

tot + σπ
−D

tot

]
(2.58)

The nuclear form factor with the inclusion of the absorption effects reads:

|FN (t)|2 = e−
1
3R
2tFabs

= e−
1
3R
2t exp

(
− 9A1/3

16πR2
0
σπNinel

)
(2.59)

where R = R0A
1/3 is the radius of the nucleus and σπNinel is taken from Ref. [73].

For high energy neutrino one can assume that the cross section for charged current

coherent pion production is two times larger than for neutral current (σCCCOH = 2σNCCOH).

However, for lower energies the mass of a lepton must be taken into account. The
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correction is introduced as a multiplicative factor (Ref. [74]):

C =

(1− 1
2

Q2
min

Q2 +m2
π

)2

+
1
4
y
Q2
min (Q2 −Q2

min)
(Q2 +m2

π)2

 θ(Q2 −Q2
min)θ(y − ymin)θ(ymax − y)

(2.60)

where Q2
min = m2

l y/(1− y), ymin = mπ/Eν and ymax = 1−ml/Eν .

NuWro predictions for the charged current coherent pion production cross section

is presented in Fig. 2.8. Data are scaled to 12C assuming A1/3 dependence. The data

for neutral current are multiplied by factor 2 assuming the relation σCCCOH = 2σNCCOH .

The Rein-Sehgal model works well for higher energies, however, it is well known, that

it fails for low neutrino energies (see e.g. Ref. [75]).

2.3 Nucleus models

Energy and momentum distribution of nucleons inside a nucleus can be described in the

Fermi gas picture. It is a very easy and fast method used very often in MC simulations.

However, there is also a much more reliable model, called spectral function. Cross section

predictions obtained within the SF can differ by about 15% from the ones calculated

with FG model. It may be significant in the oscillation analysis.
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In the spectral function approach most of nucleons are described as occupying shell-

model and moving in the mean-field (MF) potential. The shell orbits are modified by

two- and three-nucleon interaction potentials. NN interactions also lead to pairs of

strongly repulsive nucleons, so called short-range correlation (SRC) pairs, which can

have large momenta.

In this section all nucleus models implemented in NuWro are presented. Global and

local Fermi gas models are discussed in Subsec. 2.3.1. Subsec. 2.3.2 is devoted to spectral

function. In Subsec. 2.3.3 Pauli blocking effect is introduced. Comparison of spectral

function and Fermi gas models can be found in Subsec. 2.3.4.

2.3.1 Fermi gas

The theoretical concept of the Fermi gas model is applicable to systems of fermions.

It may be used for a description of a nucleus, when one assumes no interactions be-

tween nucleons. The basic idea is to treat protons and neutrons independently and to

assume they move freely (Fermi motion) within the nuclear volume in constant binding

potential, generated by all nucleons (see Fig. 2.9).

Nucleons occupy all available energy states up to the maximum one, called Fermi

energy (EF ). The binding potential is different for protons and neutrons. Each energy

state is filled by two nucleons with the same isospin, but different spin projections. The

difference between top of the potential well and Fermi level is called binding energy

(EB) - the energy needed to pull out a nucleon from the nuclear potential. Total binding
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Nucleus 6
3Li 12

6 C 24
12Mg 40

20Ca 58.7
28 Ni 89

39Y 118.7
50 Sn 181

73 Ta 208
82 Pb

pF [MeV/c] 169 221 235 251 260 254 260 265 265

Table 2.1: Fermi momentum measured from electron scattering data (see Ref. [84]).

energy is defined as a difference between the total mass of all nucleons and the mass of

nucleus (MA):

EB = [Z ·Mp + (A− Z) ·Mn −MA] · c2 (2.61)

The average value of EB per nucleon is equal 7−9 MeV. In NuWro EB is controlled

by the kaskada w parameter (7 MeV by default).

According to Heisenberg’s uncertainty principle, an elementary phase-space volume

for a single particle is equal h3 = (2π~)3. The number of particles in a phase space can

be estimated as:

n =
∫ ∫

d3rd3p

(2π~)3
(2.62)

Assuming constant nuclear density, nucleus can be treated as a sphere with a radius

R = r0A
1/3, where r0 = 1.25 ± 0.20 fm and A is atomic mass number. Nucleons

occupy energy states from a sphere in momentum space, called Fermi sphere, with a

radius being the Fermi momentum pF . Taking into account that each energy state can

be filled by two nucleons with the same isospin, one can obtain the relation between

atomic numbers and Fermi momentum for protons and neutrons7:

p
(p)
F =

(9πZ
4A

)1/3 ~
r0
≈ 310± 50 ·

(
A

Z

)1/3

MeV/c (2.63)

p
(n)
F =

(
9π(A− Z)

4A

)1/3 ~
r0
≈ 310± 50 ·

(
A− Z
A

)1/3

MeV/c

For nuclei with Z = A/2, one gets pF ≈ 246±40 MeV/c. This estimation is in quite

good agreement with experimental data (see Tab. 2.1).
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the case of carbon.

2.3.1.1 Local Fermi gas

So far, the nucleus was defined as a perfect sphere with a constant nuclear density. As

a consequence, the nuclear binding potential and Fermi level are constant in the whole

nucleus. The FG model, based on this assumptions, is called global Fermi gas.

The alternative way to describe the nucleus in the FG picture is to use local den-

sity approximation (LDA) (Refs. [85], [86]). In this approach nuclear matter density is

described by the distribution ρ(r), known from the electron scattering data (Ref. [27]),

and, accordingly, it affects the binding potential, and so the Fermi level. The FG model,

based on the LDA, is called local Fermi gas (LFG).

The local Fermi momentum is assumed to depend on ρ(r) (where r is a distance

from the center of the nucleus) in the following way:

p
(p)
F (r) = ~

(
(3π2ρ(r)

Z

A

)1/3

(2.64)

p
(n)
F (r) = ~

(
3π2ρ(r)

A− Z
A

)1/3

Note, that in the case of constant density the distribution ρ(r) = A
(

4
3πR

3
)−1

and

above equations simplify to Eq. 2.63. The comparison of local Fermi momentum for

7The errors are taken from the calculation with extreme values of r0
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global and local FG is presented in Fig. 2.10.

Using the local instead of global Fermi gas model affects the final state nucleons

energy distribution (Ref. [87]). It may have also an influence on inclusive cross sections,

due to Pauli blocking effect (see Subsec. 2.3.3).

2.3.2 Spectral function

The Fermi gas model is still used in many analysis. Despite its simplicity, it reconstructs

sufficiently well many experimental data. However, it is well known from the electron

scattering data, that NN interactions significantly affects the nucleon momentum distri-

bution inside nucleus (see e.g. Ref. [88] or [89]). Spectral function, based on shell-model

with SRC included, gives more accurate description of nuclei.

In general, SF gives the probability distribution of removing a nucleon with the

momentum ~p and leaving the residual nucleus with the excitation energy E. It can be

expressed by the following equation8:

P (~p, E) =
∑
n

∣∣∣〈ΨA−1
n

∣∣∣ ap ∣∣∣ΨA
0

〉∣∣∣2 δ (E + E0 − En) (2.65)

where ΨA
0 is the initial state of A nucleons with energy E0 and ap is the annihilation

operator. SF is sum over all possible final states of A−1 nucleons ΨA−1
n . The integration

over removal energy E leads to the nucleon momentum distribution:

∫
P (~p, E)dE =

∫
dE

∑
n

〈
ΨA

0

∣∣∣ a†p′ ∣∣∣ΨA−1
n

〉 〈
ΨA−1
n

∣∣∣ ap ∣∣∣ΨA
0

〉
δ (E + E0 − En)

=
〈
ΨA

0

∣∣∣ a†pap ∣∣∣ΨA
0

〉
= n(~p) (2.66)

where n(~p) is normalized to the number of nucleons:

∫
n(~p)d3p = A (2.67)

The study of (e, e′), (e, e′p) and (e, e′pN) data suggests, that about 80% of in-

teractions occur on a single nucleon moving in a mean field potential (see e.g. Ref.

[70]). However, one out of five processes happens on a correlated nucleon (via SRC).

The second nucleon, usually with opposite isospin, is a spectator, but it can also be

knocked-out from the nucleus. Commonly, one introduces mean field and correlation

8In general, one needs separate spectral functions for protons and neutrons. To simplify notations
the isospin index is skipped.
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parts for spectral function:

P (~p, E) = PMF (~p, E) + Pcorr(~p, E) (2.68)

2.3.2.1 Mean field part

In the case of independent nucleons, moving in a mean field potential, within the shell

model picture, spectral function (Eq. 2.65) simplifies to:

PSM(~p, E) =
∑
n

|φn(~p)|2 δ (E − En) (2.69)

where sum is over all occupied states from Fermi sea. φn is the momentum-space

wave function (normalized to 1) associated with the single particle shell model state n.

Measurements of the energy spectrum of knock-out nucleons (by electrons or hadrons)

indicate, that the independent particle model does not describe properly nuclear dy-

namics. In fact, nucleon correlations, induced by strong forces, modify shell orbits and

give a rise to nucleons with momenta above Fermi level. The realistic theoretical calcu-

lation of nuclear dynamics can be done within non-relativistic many body theory with

two- and three-nucleon interaction potentials. However, it is impossible to find exactly

the wave function, so the results are combined with experimental data.

Spectral function part, corresponding to the removal of nucleon from the shell model,

can be parametrized in the following way (Ref. [90]):

PMF (~p, E) =
∑
n

Zn |φn(~p)|2 Fn (E − En) (2.70)

where the Fn function is the width of n shell state (e.g. Gaussian or Breit-Wigner

distribution) and Zn < 1 is called spectroscopic factor, which normalizes the nth state.

Zn factors are obtained from the normalization requirement:

∫
d3pdEP (~p, E) = 1 (2.71)

2.3.2.2 Correlation part

It is known from the studies of knock-out protons by electrons (Ref. [91]) or protons

(Ref. [92]), that correlations, which produce pairs of nucleons with relative large mo-

menta (with opposite directions), dominate among all SRC. Moreover, these are pairs of

nucleons with opposite isospin (Ref. [93]). Therefore, SRC give a rise to high-momentum
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tail in the nucleon momentum distribution (see Fig. 2.13a). The impact of this tail on

the results is discussed in Subsec. 2.3.4.

The estimation of the correlation part of spectral function can be done in local

density approximation:

Pcorr(~p, E) =
∫

d3rρA(~r)PNM
corr (~p, E; ρ = ρA(~r)) (2.72)

where ρA is the nuclear density distribution and PNM
corr is the correlation part of

spectral function of uniform nuclear matter at density ρ. The calculation of PNM
corr can

be found in Ref. [94].

2.3.2.2.1 SRC and two-body current

Including SRC in one-body current interactions leads to 2p2h final states, which can

interfere with the ones produced via two-body current (Subsec. 2.2.5). In general, the

probability of a transition from an initial state of A nucleons |i〉 to one of possible final

state |f〉 is given by the following formula:

P =
∑
f

∣∣∣〈f | Ĵ |i〉∣∣∣2 (2.73)

where Ĵ is the nuclear electroweak current and the P is summed up over all the

possible final states. When one- and two-body current contributions are taken into

account, Ĵ can be expressed as the sum of them Ĵ = Ĵ1p1h + Ĵ2p2h and the probability

reads:

P =
∑
f

∣∣∣〈f | Ĵ1p1h |i〉
∣∣∣2 +

∑
f

∣∣∣〈f | Ĵ2p2h |i〉
∣∣∣2 (2.74)

+
∑
f

〈i| Ĵ1p1h |f〉 〈f | Ĵ2p2h |i〉+
∑
f

〈i| Ĵ2p2h |f〉 〈f | Ĵ1p1h |i〉 (2.75)

Without SRC one-body current reaction leads to a final states of (A− 1) spectators

and one knock-out nucleon with four-momentum p:

|f〉1p1h = |A− 1〉 ⊗ |p〉 (2.76)

while interactions via two-body current produce a final states of (A− 2) spectators

and two knock-out nucleons with four-momenta p and p′:
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Figure 2.11: The comparison of different approaches to Pauli blocking for spectral func-
tion.

|f〉2p2h = |A− 2〉 ⊗ |p〉 ⊗ |p′〉 (2.77)

The contraction of |f〉1p1h and |f〉2p2h vanishes and there is no interference terms in

Eq. 2.75. However, one-body current interactions on correlated nucleons lead to 2p2h

final states:

|f〉1p1h+SRC = |A− 1〉 ⊗ |p〉+ |A− 2〉 ⊗ |p〉 ⊗ |p′〉 (2.78)

giving a rise to the interference between one- and two-body currents, which is not

included in current models. The size of the effect is now extensively studied (see e.g.

Refs. [95, 96]).

2.3.3 Pauli blocking

Pauli principle forbids fermions to be in the same quantum state. As a consequence,

interactions leading to a final nucleon in already occupied state are not allowed. The

effect is called Pauli blocking.

In the Fermi gas model all states up to Fermi level are occupied. In this case PB
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Figure 2.12: The total and differential cross sections for QEL scattering off carbon
obtained using different approaches to PB for spectral function.

means that the cross section for all interactions with a final state nucleon with a mo-

mentum smaller than pF is equal to zero. There is a significant difference between PB

in FG and LFG. The latter one has a Fermi level, which depends on the nuclear density,

so the effect of PB is larger around the center of a nucleus than at the edge.

2.3.3.1 Pauli blocking for spectral function

In the case of spectral function not all states up to Fermi level are occupied, so it

is not obvious how to apply Pauli blocking. Usually one calculates the average Fermi

momentum p̃F and modifies spectral function as following (PB1):

P (~p, E)→ Θ(p̃F − |~pfinal|)P (~p, E) (2.79)

The disadvantage of this approach is an unphysical cut for low energy final state

nucleons (see Fig. 2.11). It may be revised by using local Fermi momentum instead of

the average one (PB2):

P (~p, E)→ Θ(pF (r)− |~pfinal|)P (~p, E) (2.80)

The alternative way is to look at the momentum distribution (Eq. 2.66) and use the
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Figure 2.13: The comparison of nucleon momentum distributions for spectral function
and Fermi gas models.

Monte Carlo method to decide if the chosen momentum is already occupied (PB3):

P (~p, E)→ Θ(n(~pfinal)− random[0, 1])P (~p, E) (2.81)

Intuitively, the distribution of final nucleons momenta for blocked events should

more or less reconstruct n(~p) (Eq. 2.66). As shown in Fig. 2.11a this is only true in the

case of the last PB model. Using global Fermi momentum produces an unphysical cut

for low energy final nucleons (see Fig. 2.11b), while two other models give a smooth

tail in the low momenta region. The choice of the approach for Pauli blocking does not

affect the cross section in a significant way though (see Fig. 2.12).

2.3.4 Summary

Short-range correlations produce pairs of high energetic nucleons (usually with opposite

isospins), absent in the Fermi gas picture. In Fig. 2.13a a probability of finding a nucleon

with given momentum for spectral function, local and global Fermi gas is shown. In

the case of FG there is an unphysical cut for a momentum higher than pF . If LDA is

applied, the probability distribution is closer to the one obtained by spectral function.

However, the high-momentum tail is still missing. The influence of choosing the model
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on the final proton momentum is negligible (see Fig. 2.13b). However, if one looks also

at correlated nucleon (in the case of SF), the total momentum distribution of all final

state nucleons is shifted to the higher energies.

Usually, in MC generators Fermi gas is used. It is well known from electron scattering

data that cross section predictions obtained using spectral function are much closer to

the data (see e.g. Ref. [90]). For many purposes FG is a good approximation. However,

one must be aware that it affects significantly the cross section prediction (see Fig. 2.14).

For the neutrino energy Eν ∼ 1 GeV the difference is about 10%. The disagreement

between global and local FG models is caused by the Pauli blocking - the effect of PB is

lower for LFG. Besides the normalization, the shape of the differential cross section is

also affected around the pick (see Fig. 2.15), but in this region IA is doubtful anyway.

There is also a disagreement at high Q2.

2.4 Final state interactions

Final state interactions describe the propagation of particles created in the primary

vertex through the nuclear matter (see Fig. 2.16). It is necessary, when one assumes

Impulse Approximation. Secondary processes affect observed distributions (only parti-

cles which left the nucleus are visible in a detector). A good control of FSI effects is

needed to analyze experimental data.

In NuWro FSI are described in terms of the intranuclear cascade (INC) model (Ref.

[97, 98]), used in most of MC generators. Note, that the alternative approach is proposed
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in GIBUU (Ref. [99]). FSI are performed by solving the Boltzmann-Uehling-Uhlenbeck

equation.

The general scheme of the INC model in NuWro is described in Subsec. 2.4.1. The

details of nucleon and pion cascade models can be found in Subsecs 2.4.2 and 2.4.3.

The last subsection (2.4.4) is devoted to the formation zone effect.

2.4.1 Intranuclear cascade algorithm

In the intranuclear cascade model particles are assumed to be classical and move along

straight lines between collisions. In general, the probability of passing a distance λ

(small enough to assume constant nuclear density ρ) without any interaction with a

nucleon is given by:

P (λ) = e−λ/λ̃ (2.82)

where λ̃ = (σρ)−1 is the mean free path and σ - the total cross section. The problem

of a propagation through nuclear matter is difficult to solve analytically, because ρ is

changing during the path of a particle. However, it is easy to handle using Monte Carlo

methods.

The NuWro algorithm for INC is presented in Fig. 2.17. Before the main loop starts,

formation zone (see Subsec. 2.4.4) can be applied for all hadrons from the primary

vertex. During the procedure all particles are stored in a queue. The cascade loop is

stopped when the queue is empty or there are no more nucleons inside a nucleus.

In each step of the loop the mean free path of the particle is calculated from:

λ̃ = [σpρp(r) + σnρn(r)]−1 (2.83)

where indexes p and n refer to proton and neutron, respectively, r is the distance

from the center of a nucleus. The free path λ is calculated from Eq. 2.82 using MC

methods and assuming constant nuclear density:

λ = −λ̃ · ln(rand[0, 1]) (2.84)

To satisfy the assumption of constant ρ, the nuclear density is probed in intervals not

exceeding λmax (defined by step parameter from params.txt, 0.2 fm by default, see App.

A). It means, that the particle is always propagated by the distance min(λ, λmax) and

the interaction happens only if λ < λmax. Numerous tests show, that further decreasing

λmax does not affect final results.
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The particle are assumed to be outside the nucleus if their distance from the center

is larger then R. In the case of global Fermi gas R = r0A
1/3 with r0 = 1.25 fm. For local

Fermi gas R is defined as the distance from the center, where the density is smaller by

factor of 106 than the maximum one. When nucleons leave nucleus, the nuclear potential

(V ) is subtracted from their kinetic energy (Ek). If it is not possible (Ek < V ), they

are assumed to be absorbed.

If the interaction happens, the choice of the type of the process (i) is done using

Monte Carlo methods based on the cross sections ratio: if rand[0, 1] < σi/σtotal, the ith

kind of the interaction is assumed to have happened. The target nucleon momentum is

set randomly from the Fermi ball and the kinematics is generated.

If Pauli blocking occurs, the interaction is withdrawn and the particle is reinserted to

the queue. In the other case all final particles are put to the queue and the nuclear matter

density is reduced (but the shape of the density profile is assumed to be unchanged).

2.4.2 Nucleon cascade

The nucleons cascade model is based on Ref. [97, 98]. Elastic scattering, single and

double pion production processes are considered. The total cross section (σ) is extracted

from available experimental data. The fraction of pion production processes is described

by finel parameters, while fπ gives a contribution coming from single pion production

to all inelastic scattering interactions. The numbers adopted in NuWro are presented

in Tab. 2.2. Between energy points the parameters are assumed to be constant and the

cross section is assumed to change in a linear manner. For kinetic energies lower than

335 MeV the following formulas are used:

σii =
(

10.63
β2
− 29.92

β
+ 42.9

)
[mb] (2.85)

σij =
(

34.10
β2
− 82.20

β
+ 82.2

)
[mb] (2.86)

where β is the particle velocity in the units of velocity of light, ii (ij) denotes the

interaction with nucleon with the same (opposite) isospin. For energies above 3900 MeV

the cross section is assumed to be constant.

The procedure for choosing the type of the interaction is presented in Fig. 2.18. At

the beginning the relative kinetic energy to a nucleon from nucleus is introduced to

obtain effective scattering parameters. A decision about the interaction type is made

using MC method. If the chosen inelastic process cannot be done (because of insufficient
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Figure 2.17: A block diagram of the NuWro INC algorithm.

amount of energy), the “less” inelastic one is proceeded.

In the single pion production channel, neutral pions are assumed to be produced in

11% of events in the case of ii interaction and 43% for ij. In double pion production,

60% of cases is taken as producing two π0 and 20% for a π+π− combination.

For all processes the kinematics of final state particle is obtained in the center-of-

mass system (CMS), followed by the boost to the laboratory frame. In the case of elastic

scattering the angular distribution is given by the following formula:
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Tk [MeV] 335 410 510 660 840 1160 1780 3900

σii [mb] 24.5 26.4 30.4 41.2 47.2 48.0 44.2 41.0

σij [mb] 33.0 34.0 35.1 36.5 37.9 40.2 42.7 42.0

f iiinel 0.07 0.20 0.31 0.43 0.58 0.65 0.69 0.69

f ijinel 0.04 0.07 0.15 0.27 0.37 0.36 0.35 0.35

fπ 1.0 1.0 1.0 1.0 0.97 0.80 0.44 0.44

Aii 0.1 0.9 2.7 9.0 14.3 19.2 ∞ ∞

Bii 0 0 0 0 0 0 0 0

Aij 2.2 1.8 2.3 8.8 15.0 29.4 ∞ ∞

Bij -1.0 -1.1 -0.7 -0.2 0 0 0 0

Table 2.2: Total cross section (σ) for nucleon-nucleon collisions, parameters used for
inelastic processes (finel and fπ) and coefficients for the angular distribution (A and
B). Tk stands for the nucleon kinetic energy. ii (ij) denotes the interaction on a nucleon
with the same (opposite) isospin.

dσ
dΩ
∼ A cos4 θ +B cos3 θ + 1 (2.87)

where values A and B are fit to the experimental data. For inelastic processes

momenta are distributed uniformly.

Nucleons propagated through nuclear matter are assumed to be on-shell. The Pauli

blocking effect is included as described in Subsec. 2.3.3. The effective nuclear potential

is introduced as a sum of binding and Fermi energy (see Fig. 2.9):

V (r) = EF (r) + EB (2.88)
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Make a correction to all scattering parameters coming from Fermi motion.

x < finel?

x < fπ?

E2π?
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x - random number from [0, 1]

Enπ - enough energy to produce n pions

Figure 2.18: A block diagram of the algorithm for “Generate the interaction” from Fig.
2.17 in the case of nucleon-nucleon scattering.

2.4.2.1 Modification of Metropolis et al. model

New parametrization of the finel and fπ parameters from Tab. 2.2 is introduced in

NuWro, based on experimental data9. fπ is now given separately for ii and ij scattering

types. The changes are done for high energy bins, as presented in Tab. 2.3. All other

parameters are unchanged.

Recently, the in medium modification of the NN cross section, based on Ref. [100],

was introduced.
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Tk [MeV] 660 840 1160 1780 2500

f iiinel 0.43 0.48 0.51 0.62 0.70

f ijinel 0.37 0.37 0.51 0.55 0.65

f iiπ 1 1 0.90 0.73 0.50

f ijπ 1 0.87 0.55 0.46 0.30

Table 2.3: The modification of the original Metropolis et al. parameters from Fig. 2.2.

2.4.2.2 Results

The results of nucleon INC in the case of scattering off carbon are presented in Fig.

2.19. In Fig. 2.19a there is the prediction for the total cross section together with

contributions coming from different channels: events without any pion, with one or two

pions in the final state. Please note, that the result may be affected by the pion cascade,

described in details in Subsec. 2.4.3. In Fig. 2.19b the angular distributions in the case

of elastic scattering are presented for different incident nucleon energy ranges.

2.4.3 Pion cascade

Final state interactions of pions are essential in the analysis of neutrino data. For

the energies around 1 GeV there is a significant contribution coming from resonance

pion production processes (see Fig. 2.1). If the pion is absorbed in the nuclear matter,

the event is indistinguishable from elastic scattering (very important in the oscillation

analysis). To estimate this background, it is necessary to have a good theoretical model

for both, pion production in the primary vertex and FSI.

There are two models of the pions cascade in NuWro. The first one is taken from

Ref. [97, 98]. The second one (default) uses a microscopic calculation done in Ref. [101]

for low energy pions and a phenomenological approach for the higher energies.

2.4.3.1 Metropolis et al. model

The following interaction types are considered in the model:

• elastic scattering;

9The original Metropolis et al. table can be still used, if xsec = 0 is selected (see App. A for details).
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Figure 2.19: The total cross section and the scattering angle distribution for proton-
carbon scattering.

• charge exchange (CEX);

• single and double pion production;

• absorption.

Parameters used in the model can be found in Tabs 2.4 and 2.5. σii is the cross section

(excluding absorption processes) for π+p or π−n scattering, while σij for π+n and π−p.

The cross section for π0-nucleon collisions is taken to be an average: σ0 = 1
2 (σii + σij).

The effective absorption cross section for ij channel is σabs, while for π0 mesons is

assumed to be 1
2σabs. The cross section is assumed to change between energy points in

a linear manner. For pion kinetic energies lower than 49 MeV the following formulas

are used:

σii = 3.7 + 286 (γ − 1)3 (2.89)

σij = 6.5 + 23.9 (γ − 1) (2.90)

σabs = 16.4
(
0.14 + η2

)
/η (2.91)
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Tk [MeV] 49 85 128 184 250 350 540 1300

σii [mb] 16 50 114 200 110 51 20 30

σij [mb] 15 21 43 66 44 23 22 30

σabs [mb] 20 32 45 36 18 0 0 0

f iiinel 0 0 0 0.03 0.06 0.16 0.30 0.88

f iiCEX 0 0 0 0 0 0 0 0

f ijinel 0.45 0.57 0.62 0.64 0.62 0.56 0.58 0.94

f ijCEX 1.0 1.0 1.0 0.95 0.89 0.72 0.51 0.06

f 0
inel 0.42 0.36 0.36 0.37 0.40 0.50 0.59 0.94

f 0
CEX 1.0 1.0 1.0 0.90 0.84 0.67 0.50 0.05

fπ 1.0 1.0 1.0 1.0 1.0 0.98 0.91 0.24

Aii 3.2 2.2 1.9 2.2 2.6 3.0 3.0 3.0

Bii -1.8 -2.1 -1.5 -0.3 2.0 4.0 4.0 4.0

Aij 1.1 1.9 2.2 2.2 2.0 2.7 3.0 3.0

Bij 0.8 0.7 0.8 1.0 1.4 2.6 3.6 4.0

A0 3.4 2.1 1.9 2.1 2.5 3.0 3.0 3.0

B0 -1.8 -2.0 -1.4 0 1.7 4.0 4.0 4.0

Table 2.4: Cross section (σ) for pion-nucleon scattering, parameters used for inelastic
processes (finel, fCEX and fπ) and coefficients for the angular distribution (A and B).
Tk stands for the pion kinetic energy. ii (ij) denotes π+p and π−n (π+n and π−p)
scattering. Index 0 is for neutral pion interactions.

where γ is the total energy in units of mπ0c
2 and η is momentum in units of mπ0c.

For the energies above 1300 MeV the cross section is assumed to be constant.
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Collision type ii ij 0 CEX

A 2.5 2.5 3.0 1.5

B -3.5 3.5 -2.0 -2.5

Table 2.5: Coefficients for the angular distribution of pion-nucleon interactions below
51 MeV.

A fraction of inelastic processes (including CEX) is described by finel parameter.

fCEX gives the fraction of inelastic events that are charge exchange. A fraction of single

pion production among all pion production processes is defined by fπ.

Fig. 2.20 presents the interaction type selection algorithm. The procedure starts

with calculating a relative velocity of an incident particle respect to a target nucleon.

Then, the effective cross sections and parameters are established. The scattering type

is chosen using MC methods. If a process cannot be done for kinematics reasons, the

next one is tried.

In the single pion production channel, neutral pions are assumed to be produced in

55% of events in the case of ii type and 45% for ij and π0 collisions. In double pion

production, 18.75% of cases is taken as producing of two π0, and 6.25% of a π+π−

combination.

The angular distribution in CMS for elastic and charge exchange scattering is defined

by Eq. 2.87. For energies above 49 MeV the coefficients A and B for CEX are assumed

to be the same as for ii scattering type. For other processes momenta are distributed

uniformly in CMS.

2.4.3.2 Oset et al. model

This model describes pion-nucleon interactions in the pion kinetic energy range Tk =

85− 350 MeV. Quasi-elastic scattering, charge exchange processes and pion absorption

are considered. The calculations are based on Ref. [102], where the pion-nucleon optical

potential (Vopt) coming from the p-wave contribution in infinite nuclear matter is calcu-

lated. Additionally, the s-wave contribution and the modification of ∆ width in nuclear

medium (by the ∆ self-energy) are considered. The finite range effects are introduced

by using local density approximation.

Oset et al. model is also used in NEUT. It was later modified by the parameters,

tuned to the experimental data (Ref. [103]).
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Figure 2.20: A block diagram of the algorithm for “Generate the interaction” from Fig.
2.17 in the case of pion-nucleon scattering.
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2.4.3.2.1 Quasi-elastic and charge exchange scattering

In general, the probability per unit time for πλN → πλ
′
N (λ = 1, 0, -1 for π+, π0,

π− respectively) can be expressed in the following form:

Pλλ′ =
1
9
P



5− 4χ 1− χ 0

1 + χ 4 1− χ

0 1 + χ 5 + 4χ


(2.92)

where χ = (N − Z)/A and P is given by

P =
1
E

∫ d3k

(2π)3n(~k)
2
3

(
f ∗

mπ

)2

|~pCMS|2|G∆(p+ k)|2 1
2

Γ̃ (p+ k) (2.93)

In the above equation n(~k) stands for the average density of protons and neutrons

(normalized to ρ = ρp+ρn), f ∗ is the πN∆ coupling constant f ∗2/4π = 0.36, p = (E, ~p)

is the pion four-momentum, ~pCMS is pion momentum in center-of-mass system, G∆ is

the ∆ propagator:

G∆(p+ k) =
1

√
s−M∆ + 1

2iΓ̃ (p+ k)
(2.94)

where s = (p+ k)2 and Γ̃ is a reduced (due to Pauli blocking) ∆ width:

1
2

Γ̃(p+ k) =
1
2

Γ(p+ k)× 1
4

(
µ3 + µ+ 2

)
(2.95)

=
1

12π

(
f ∗

mπ

)2
M√
s
|~pCMS|3 ×

1
4

(
µ3 + µ+ 2

)
(2.96)

with M being the average mass of a nucleon and the µ parameter calculated to be:

µ =



−1 if µ0 < −1

µ0 if −1 ¬ µ0 ¬ 1

1 if µ0 > 1

(2.97)
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where µ0 = (E∆ECMS − EF
√
s) /|~p + ~k||~pCMS|. Setting constant µ = 1 disables

Pauli blocking.

2.4.3.2.2 Absorption

Absorption processes are included into the model by introducing the ∆ self-energy

(Σ∆), which modifies the ∆ width in nuclear medium:

1
2

Γ̃→ 1
2

Γ̃− Im Σ∆ (2.98)

It affects both, the probability formula (Eq. 2.93) and the ∆ propagator (Eq. 2.94).

∆ self-energy can be expressed in the following way:

Im Σ∆(Eπ) = −
[
CQ(ρ/ρ0)α + CA2(ρ/ρ0)β + CA3(ρ/ρ0)γ

]
(2.99)

where CQ, CA2, CA3, α, β, γ are functions of the pion energy (their parametrization

can be found in Ref. [67]), ρ is nuclear density, and ρ0 stands for density in the center

of the nucleus. CQ corresponds to the higher order quasi-elastic cross section, but it

is provided only globally (without further distinction of its source), so it is taken into

account in G∆ (Eq. 2.94), but not in the probability formula (Eq. 2.93) - to avoid the

double counting. Contributions proportional to CA2 and CA3 are related to two- and

three-body absorption.

Note, that the same ∆ width parametrization is used in Nieves and Marteau models

for two-body current interactions (Subsec. 2.2.5).

2.4.3.2.3 πN s-wave contribution

For the quasi-elastic and charge exchange scattering the effective s-wave contribution

parametrization is introduced by the following formula:

P
(s)
λλ′ = P (s)



A− χB (1− χ)C 0

(1 + χ)C D (1− χ)C

0 (1 + χ)C A+ χB


(2.100)

In general, the probability per time unit is related to the cross section through the
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equation:

P (s) =
|~p|
E
ρ(~r)σ(s) (2.101)

The coefficients A, B, C, D (dimensionless) and σ(s) (in pion mass units) are pa-

rameterized as a function of the variable ξ ≡
√
s−M −mπ (in pion mass units):

A =
1
2

(1 +D) (2.102)

C =
1
2

(1−D) (2.103)

D = −0.03130 + 0.37062ξ − 0.08229ξ2 (2.104)

B = 0.21972 + 0.06602ξ − 0.01866ξ2 (2.105)

σ(s) = 0.19753 + 0.06899ξ − 0.01334ξ2 (2.106)

This parametrization is valid in the energy range considered in the model. The

s-wave contribution to the absorption probability is given by:

P
(s)
abs =

4π
E

(
1 +

E

2M

)
ImB

(abs)
0 ρ2(~r) (2.107)

with ImB
(abs)
0 ≈ 0.035m−4

π .

2.4.3.2.4 The implementation

To keep the general cascade scheme used in the model described in 2.4.3.1, the

Metropolis-like tables are introduced in NuWro. The σii, σij, σabs, finel, and fCEX

parameters from Tab. 2.4 are calculated based on corresponding probability formulas.

Separate tables are done in 0.1ρ/ρ0 intervals for several values of ρ. Parameters are

assumed to change in a linear manner between intervals.

For the angle distributions in CMS in the case of quasi-elastic or charge exchange

scattering the following formula is used:

dσ
dΩ
∼

7∑
i=0

ai cosi θ (2.108)

where ai parameters are extracted from the SAID model (Ref. [104]). For each

channel (ii, ij, 0 and CEX) the ai coefficients are fitted to SAID distributions for 70

different ranges of pion kinetic energy, up to 10 GeV.
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Figure 2.21: The comparison of the original Oset et al. calculations from Ref. [101]
(solid lines) and NuWro implementation (dashed lines).

Tk = 85 MeV Tk = 245 MeV

n = 1 n = 2 n = 3 n = 1 n = 2 n = 3 n = 4

P (qel)
n

Oset et al. 0.90 0.09 0.01 0.69 0.25 0.05 0.01

NuWro 0.89 0.10 0.01 0.67 0.24 0.07 0.02

n = 0 n = 1 n = 2 n = 0 n = 1 n = 2 n = 3

P (abs)
n

Oset et al. 0.81 0.17 0.02 0.37 0.41 0.17 0.04

NuWro 0.87 0.12 0.01 0.41 0.37 0.16 0.05

Table 2.6: The probability that the QEL/CEX scatterings proceeds through n collisions
(P (qel)

n ) and the probability that pion absorption occurs after nth QEL/CEX scatterings
(P (abs)

n ) in the case of pion scattering off calcium.
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The comparison of the original predictions of the Oset et al. model (taken from Ref.

[101]) and NuWro’s implementation is presented in Fig. 2.21 and in Tab. 2.6. In Fig.

2.21a there is a probability of an interaction per fm as a function of a distance from the

center of a nucleus for quasi-elastic or charge exchange scattering and for absorption,

together with the density profile. Fig. 2.21b presents the probability of QEL/CEX10

and absorption11 events. As expected, absorption is more likely to occur in the high

density region (small impact parameter b). Tab. 2.6 presents how many collisions take

part in QEL/CEX events or precede absorption for two different pion kinetic energies.

For higher Tk pions usually undergo more collisions. It is also more likely that high

energy pion is scattered before absorption.

2.4.3.2.5 High-energy extension

The Oset et al. model is valid for pion kinetic energy below 350 MeV. For higher

energies the Metropolis-like table, based on the experimental data is prepared (Tab. 2.7).

Triple pion production is introduced to the model by the new f2π parameter, which gives

the fraction of double pion production among all non-single pion production processes.

In the single pion production channel the following charge fragmentation is used:

ii : π+p (π−n) →


75% pπ+π0 (nπ−π0)

25% nπ+π+ (pπ−π−)

(2.109)

ij : π−p (π+n) →



65% nπ+π− (pπ+π−)

25% pπ−π0 (nπ+π0)

10% nπ0π0 (pπ0π0)

(2.110)

In the double pion production ii channel half of events is assumed to be without

neutral pions. In all other cases all possibilities are equally likely.

10At least one quasi-elastic or charge exchange scattering, no absorption.
11Absorption occurs after any number of QEL/CEX scatterings.
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Tk [MeV] 350 540 900 1300 2000 3000

σii [mb] - 16 25 41 29 28

σij [mb] - 25 41 29 28 28

f iiinel 0.05 0.50 0.60 0.65 0.80 0.80

f iiCEX 0 0 0 0 0 0

f iiπ 1 1 0.90 0.65 0.30 0.20

f ijinel 0.60 0.60 0.70 0.75 0.75 0.80

f ijCEX 0.65 0.20 0.10 0.05 0.025 0.01

f ijπ 1 1 0.75 0.65 0.40 0.30

f 0
inel 0.325 0.55 0.65 0.70 0.775 0.80

f 0
CEX 0.325 0.10 0.05 0.025 0.0125 0.005

f 0
π 1 1 0.825 0.65 0.35 0.25

f ii,ij,02π 1 1 1 0.90 0.75 0.60

Table 2.7: The Metropolis-like table for the high-energy extension.

2.4.3.3 The comparison of pion cascade models

The comparison of Metropolis et al. and Oset et al. models with experimental data

is presented in Fig. 2.22. The positive pion scattering off carbon is considered. Three

channels are defined:

abs - if there is no pion in the final state;

CE - if there is one π0 in the final state;

inel - all other interactions.

The cross section measurement of the charge current and absorption processes is

straightforward, while the inelastic cross section is obtained in an indirect way as:
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Figure 2.22: The comparison of Metropolis et al. and Oset et al. models with experi-
mental data for three different channels (explained in the text).

σinel = σtotal − σelastic − (σabs + σCE) (2.111)

with the elastic pion-nucleus cross section contribution evaluated based on theoreti-

cal and experimental arguments (see Ref. [106]). The NuWro prediction are obtained in

the standard way by arranging a homogeneous flux of pions and counting the particles
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in the final state assuming that at least one interaction took place:

• put π+ with given Tk on the edge of a nucleus and run cascade (N times);

• count the number of events Ni (i = abs, CE, inel) with the final state as defined

above;

• calculate cross sections using the formula:

σi =
Ni

N
πR2

where R is the radius of the nucleus. In the simulations the impact parameter is

limited to b < 6.5 fm. Taking larger b does not affect the results.

Both models are in a good agreement with the data. The Metropolis et al. model

prediction for inelastic scattering is closer to the experimental observation, while Oset

et al. model gives a better estimation for absorption and CE processes.

Note, that each model underestimates the cross section for absorption. In Oset et

al. model pion absorption is described in terms of ∆ resonance. It was expected, that

∆ reactions dominate among absorption processes from the studies of π+ scattering

on deuteron (Ref. [110]) or on 3He (Ref. [111]). However, further investigation of pion-

nucleus interactions suggests, that there is a large contribution coming from multi-

nucleon absorption. The data published by LADS collaboration (Ref. [112]) indicate

that about 25% of pion absorption on 3He occurs on all three nucleons. In the case of

heavier nuclei this fraction is expected to be larger (Ref. [113]). It is clear, that more

theoretical studies are needed to understand the pion absorption mechanism.

There are preliminary results for proton multiplicity from the ArgoNeuT experiment

(Refs [114, 115]). Liquid Argon Time Projection Chamber technique allows to measure

protons with kinetic energy Tk > 22±3 MeV. Only events with no pion are investigated.

The fractions of events with muon and 0, 1, 2, 3 or more protons in the final state are

presented in Tab. 2.8. The main sources of multi-proton events are two-body current

interactions and pion absorption processes. There is good agreement between data and

NuWro predictions.

2.4.4 Formation zone

The concept of formation zone / formation time (FZ/FT) was introduced by Landau

and Pomeranchuk (Ref. [116]) in the context of multiple scattering of electrons passing
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ν mode ν mode

No. of protons Data NuWro Data NuWro

0 14 15.4 67.7 64.9

1 48 50.8 23.7 22.7

2 26 17.8 6.4 8.0

3 12 9.6 1.4 2.8

more 0 6.3 1.0 1.6

Table 2.8: Fractions of events with µ, N protons and no pion in the final state. The
ArgoNeuT preliminary results are taken from Refs [114, 115]. The experimental errors
are of the order of 20%.

through a layer of material (see Par. 2.4.4.1 for details). The FZ effect decreases the

probability of re-interactions.

The idea of FZ was applied to hadron production by Stodolsky (Ref. [117]), who

considered the production of mesons by protons passing through a nucleus. Several

parameterizations of his formula was done to use in various MC generators (see Par.

2.4.4.2).

On the most fundamental level the FT is related to Quantum Chromodynamics

phenomenon called color transparency (CT), proposed by Brodsky and Mueller (Refs

[118, 119]). For high enough four-momentum transfers a quark system is created with

a small transverse size (Point-Like Configuration - PLC) which is supposed to suppress

hadrons re-interactions. As the typical size of the PLC is of the order of 1/|Q| (Ref.

[120]), the CT effects are expected to be seen mostly at higher energies. Moreover,

two-quark systems are more likely to create PLC than three-quark ones so the effect is

expected to be larger for pions, than for nucleons.

The formation time occurrence for lower energies is controversial. In MC generators

FZ is a useful handle to control the size of FSI effects. However, it is not clear, if it is

a true physical effect or just a way to tune the FSI model.
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Figure 2.23: An illustration of the Landau-Pomeranchuk effect.

2.4.4.1 Landau-Pomeranchuk effect

Electrons passing through a layer of material undergo multiple scatterings, which lead to

production of photons (see Fig. 2.23). The energy radiated in such process is estimated

as:

dI
d3k
∼
∣∣∣∣∫ ∞
−∞

~j(~x, t)ei(ωt−
~k~x(t))d3xdt

∣∣∣∣2 (2.112)

where ~x(t) describes the trajectory of an electron, ω and ~k stand for the energy

and momentum of the emitted photon. If there is no interference between scatterings

on different atoms, one can take the average radiation emitted in one collision and

multiply by the number of collisions. It turns out that this procedure does not work for

higher energies.

Assuming the electron trajectory to be a series of straight lines, the current density
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j(~x, t) ∼ δ3 (~x− ~vt), with ~v being the velocity of the electron, and the radiation integral

from Eq. 2.112 becomes:

∼
∫
path

ei(
~k~v−ω)tdt (2.113)

When the exponential varies rapidly enough, collisions at different points have ran-

dom relative phase factors destroying any interference effects. It happens when:

t >>
1

ω − ~k~v
≡ tf (2.114)

On the other hand, if the time between collisions is much smaller than formation

time (tf ), a photon is produced coherently over entire length of formation zone (see

Fig. 2.23b), which reduces the bremsstrahlung.

The expression for formation time can be rewritten in the following form:

tf =
1

ω − ~k~v
=
Ee
kp

=
Ee
me

1
ωr.f.

= γTr.f. (2.115)

where k, p are electron and photon four-momenta, and ωr.f. is the photon frequency

in the rest frame of the electron. Formation time can be interpreted as the “creation

time” of a photon in the electron rest frame.

2.4.4.2 Formation zone for hadrons

A straightforward translation of formation zone to the hadron production was done

by Stodolsky (Ref. [117]) by replacing the electron and the photon in Eq. 2.115 with

projectile and produced hadrons, respectively, with the following four-momenta:

p0 = (E0, 0, 0,
√
E2

0 −M2
0 ) (2.116)

p = (E, ~p⊥,
√
E2 − µ2

⊥) (2.117)

where µ⊥ is the transverse mass defined as µ2
⊥ ≡ |~p⊥|2 + M2. The formation time

formula can be rewritten in the following form:
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tf =
E0

p0p
=

E0

EE0 −
√
E2 − µ2

⊥

√
E2

0 −M2
0

(2.118)

=
1

E

(
1−

√
1− µ2⊥

E2

√
1− M20

E20

) (2.119)

For energies high enough to assume M0
E0

<< 1 and µ⊥
E
<< 1, square roots in the

above equation can be expanded into the Taylor’s series:

tf ≈
1

E
(

1−
(

1− 1
2
µ2⊥
E2

) (
1− 1

2
M20
E20

)) (2.120)

≈ 1

E
(

1
2
µ2⊥
E2

+ 1
2
M20
E20

) (2.121)

=
2E

(Mx)2 + µ2
⊥

(2.122)

where x ≡ E
E0

. The above equation is a base for many parametrizations used in the

neutrino-nucleus scattering.

Ranft argued (see Ref. [121]) that a further simplification x ≈ 0 is usually well

justified and finally in the LAB frame:

tf ≈
2E
µ2
⊥

(2.123)

and in the hadron rest frame:

tf,r.f. ≈
2M
µ2
⊥

(2.124)

Inspired by this expression Ranft postulated another formula for FT in the hadron

rest frame. He kept the basic relativistic character of FT, but introduced arbitrary τ0

parameter to control its size:

tf,r.f = τ0
M2

µ2
⊥

(2.125)

The above equation was implemented in the MC event generator DPMJET (Ref.

[122]), which later became a part of the FLUKA code and was used by the NOMAD

collaboration (Ref. [123]). In the DPMJET cascade model FT is applied to hadrons
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resulting from all the primary interactions (QEL, RES, DIS). Following the ideas of

Bialas (Ref. [124]) the values of FT are sampled from the exponential distribution.

In the above estimations of the FT effect several assumptions were made, which are

not necessarily valid at lower energies. This is taken into account in the more recent

low energy FLUKA cascade model, called PEANUT (Ref. [125]). For QEL reactions

FT was replaced by the concept of coherence length (CL).

Derivation of CL is based on the uncertainty principle arguments. Let p be the

outgoing nucleon four-momentum and q - the four-momentum transfer (both in LAB

frame). Because p · q is a Lorentz scalar, one can calculate easily the energy transfer in

the rest frame of the nucleon (ωr.f.):

|p · q| = |pr.f. · qr.f.| = |ωr.f.M | ⇒ |ωr.f.| =
|p · q|
M

(2.126)

From the uncertainty principle ωr.f. can be used to estimate the reaction time in the

nucleon’s rest frame:

tCL,r.f. =
M

|p · q|
(2.127)

Within that time the nucleon is assumed to be unable to re-interact. Going to the

LAB frame, the Landau-Pomeranchuk formula (Eq. 2.115) is reproduced:

tCL = γtCL,r.f. =
E

|p · q|
(2.128)

Among other approaches to give a quantitative evaluation of FT one should mention

the SKAT parametrization (Ref. [126]):

tf =
E

µ2
(2.129)

with µ2 being the free parameter, estimated to be µ2 = 0.08 ± 0.04 GeV2 based

on the experimental data for the protons multiplicity. In SKAT parametrization FZ is

identical for pions and nucleons with the same momentum. At |~p| ∼ 1 GeV formation

length is expected to be ∼ 2.5 fm, which is of the size of the carbon nucleus.

In the case of pions produced through the ∆ excitation there is another way to

model the FT-like effect. In the INC picture one can treat ∆ (like in GiBUU approach,

Ref. [99]) as a real particle propagating some distance before it decays. The ∆ lifetime

in its rest frame is equal 1
Γ , with Γ ≈ 120 MeV, so in the LAB frame one obtains:

t∆ =
E∆

M∆Γ
(2.130)
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MC generator QEL RES DIS

NEUT - SKAT (Eq. 2.129) SKAT (Eq. 2.129)

FLUKA CL (Eq. 2.128) Ranft (Eq. 2.125) Ranft (Eq. 2.125)

GENIE - - Ranft (Eq. 2.125
with |~p⊥| = 0)

NUANCE 1 fm 1 fm 1 fm

Table 2.9: Formation time models in various Monte Carlo event generators. Note that
every MC has its own definition of what does the RES and DIS terms mean.

where E∆ is the LAB frame ∆ energy and 1
Γ is sampled from the exponential dis-

tribution.

2.4.4.2.1 Formation zone in MC generators

All models described in 2.4.4.2 are implemented in NuWro. However, as default, the

formation zone effects is described:

• as coherence length (Eq. 2.128) for quasi-elastic scatterings;

• as ∆ propagation (Eq. 2.130) for RES interactions;

• using Ranft formula (Eq. 2.125) for DIS.

with the smooth transition between the last two models at invariant mass W ∼
1.6 GeV. For the np − nh events the formation time is assumed to be zero, because

there is no clear physical motivation to introduce it. The FZ models used in other MC

generators are presented in Tab. 2.9.

In Fig. 2.24 there is the comparison of FZ models used in different MC generators

for nucleons and pions. In the case of NuWro formation time depends on the interaction

type and neutrino energy. The results show an average formation length for Eν = 1 GeV.

GENIE use the Ranft formula (Eq. 2.125) assuming |~p⊥| = 0. The τ0 parameter is

chosen, so the SKAT parametrization with µ2 = 0.08 GeV2 is reproduced for pions.

2.4.4.3 The impact of FZ on the results

In the context of the intranuclear cascade formation zone is applied just after the

primary vertex, as presented in Fig. 2.25. For each particle the corresponding formation
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Figure 2.24: The comparison of FZ models in various MC generators.

length is calculated and the particle is moved according to its momentum direction. FZ

decreases the probability of the re-interaction, affecting the final results. Below various

results with and without the FZ effect are compared to the data.

2.4.4.3.1 Nuclear transparency for protons

The appropriate observable to qualitatively estimate the FSI model is nuclear trans-

parency (T ). It is defined as the ratio of the measured cross section (σexp) to the theoret-

ical prediction without FSI (σth): T = σexp/σth. In other words, T gives the probability

that a particle created in the primary vertex leaves a nucleus without an interaction.

The study of the transparency for protons are based on quasifree (e, e′p) reactions

(Refs [127, 128]). The measurement is done for fixed kinematics (Tabs 2.10 and 2.11).

To reconstruct the data the following procedure is used:

• put the proton in a random (respect to the density profile) position in the nucleus;

• apply formation zone;

• start a propagation;

• check if there was an interaction.
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ν

ν

FZ

Figure 2.25: An illustration of the formation zone effect in INC. The particles created
in the primary vertex are not allowed to interact over a length of formation zone.

Tp [MeV] Ee [GeV] Q2 [GeV2] θe θp

350 2.445 0.6 20.5
35.4, 39.4, 43.4, 47.4, 51.4,
55.4, 59.4, 63.4, 67.4, 71.4,

75.4

700 2.445 1.3 32.0
31.0, 35.0, 39.0, 43.0, 47.0,

51.0, 55.0

970 3.245 1.8 28.6
33.5, 37.5, 40.5, 44.5, 48.5,

52.5

1800 3.245 3.3 50.0 25.1, 27.6, 30.1

Table 2.10: The measurement kinematics from Ref. [127]. Tp stands for the kinetic
energy of the knockout proton; Ee is the energy of the incident electron; θe, θp are
scattering angles for the electron and the proton, respectively, in the LAB frame.

Ee [MeV] E ′e [GeV] Q2 [GeV2] θe θp

2.015 1.39 1.04 35.5 43.4, 46.2, 49.0, 51.8, 54.6

3.188 1.47 3.06 47.7 27.7, 30.5, 33.3

4.212 1.47 53.4 5.00 20.9, 22.6

5.120 1.47 6.77 56.6 15.9, 16.7, 17.3

Table 2.11: The measurement kinematics from Ref. [128]. Ee, E ′e stand for the energy
of the initial and final, respectively, electron; θe, θp are scattering angles for electron
and proton, respectively, in the LAB frame.
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Figure 2.26: Nuclear transparency for protons.

Nuclear transparency is defined as the ratio of the number of events without an

interaction (NnoFSI) to the number of all events (N): T = NnoFSI/N . In this case,

coherence length is used as formation zone model. Neglecting Fermi motion (justified

for this electron energy range), Eq. 2.128 can be written in the following form:

tf =
E

|p · q|
=

E

|p · (p− p0)|
≈ E

|M2 − EM |
=

E

MTp
=

2(Tp +M)
Q2

(2.131)

where Tp and Q2 are taken from Tabs 2.10 and 2.11. In the case of data from Ref.

[128] the kinetic energy of final proton is assumed to be Tp = Ee − E ′e. The results for

carbon and iron are presented in Fig. 2.26. The impact of FZ is small, as expected for

QEL reactions, but it makes the prediction closer to the data.

2.4.4.3.2 Nuclear transparency for pions

The study of nuclear transparency for pions is based on (e, e′π+) reactions (Ref.

[129]). The measurement is done for fixed kinematics (Tab. 2.12), chosen to avoid the

resonance region - invariant mass is of order W ∼ 2.2 GeV. The simulation procedure

is the same as for protons. However, the Ranft formula (Eq. 2.125) is now used as

formation zone model:
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Ee [GeV] E ′e [GeV] Q2 [GeV2] θe pπ [Gev/c] θπ

4.021 1.190 1.10 27.76 2.793 10.58

5.012 1.730 2.15 28.85 3.187 13.44

5.012 1.430 3.00 37.77 3.418 12.74

5.767 1.423 3.91 40.38 4.077 11.53

5.767 1.034 4.69 52.67 4.412 9.09

Table 2.12: The measurement kinematics from Ref. [129]. Ee, E ′e stand for the energy of
the initial and final, respectively, electron; θe, θπ are scattering angles for the electron
and the pion, respectively, in the LAB frame, and pπ is the pion momentum.

tf = τ0
Eπmπ

µ2
T

= τ0

mπ

√
p2
π +m2

π

p2
π sin2 θπ +m2

π

(2.132)

where pπ and θπ are taken from Tab. 2.12. The NuWro prediction for carbon and

copper for various values of τ0 are presented in Fig. 2.27. It is clear, that the data are very

sensitive to FT. The best agreement with the data is for τ0 of order 0.025− 0.05 fm/c.

2.4.4.3.3 Backward moving pions

Formation zone for deep inelastic scattering is tuned to the NOMAD experimental

data (Ref. [123]). The average neutrino energy is 〈Eν〉 = 24 GeV, so DIS is a dominant

channel. The target composition is dominated by carbon (64.30%) and oxygen (22.13%)

with small additions of other elements.

The investigated observable is the average number of backward moving (cos θLAB <

0) negative pions Bπ− with the momentum between 350 and 800 MeV/c. Bπ− appear

mainly due to nuclear re-interactions, so the observable is very sensitive to final state

interactions. Formation time decreases the effect of FSI, making the number of backward

moving pions smaller.

Simulations made for various values of τ0 (see Eq. 2.125) lead to the conclusion that

a good agreement with the data is obtained with τ0 ∼ 8 fm/c, which is consistent with

the one suggested by Ranft (τ0 ∼ 5 − 10 fm/c) in Ref. [121]. However, the study of

nuclear transparency for pion (see 2.4.4.3.2) indicates much lower value of τ0. Should τ0
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Figure 2.27: Nuclear transparency for pions.

parameter be dependent on lepton energy / energy transfer or is there another physics

involved?

Fig. 2.28 shows the average number of backward moving π− reported by the NO-

MAD collaboration, and predicted by NuWro, with and without FZ, as a function of

Q2. As expected, in this energy region formation zone must be taken into account in

order to have an agreement with the data. In order to better understand the NuWro

performance, various ways in which Bπ− appear were analyzed:

1. pions are created in the primary vertex and undergo quasi-elastic scatterings;

2. pions are created in FSI pion-nucleon interactions:

(a) single pion production;

(b) double pion production;

(c) triple pion production;

3. pions are created in FSI nucleon-nucleon interactions;

4. there are more FSI pion production processes.

Contributions from the above scenarios are listed in Tab. 2.13. One can see that FZ

decreases the probability for pion production during cascade. This is due to the fact
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Figure 2.28: The average number of backward going π− as a function of Q2.

Scenario 1 2 2a 2b 2c 3 4

W/o FZ 37.2% 43.4% 22.0% 15.6% 5.8% 2.7% 16.7%

With FZ 83.7% 15.5% 8.1% 7.4% 0% 0.7% 0.1%

Table 2.13: The contribution to the sample of events with backward moving π− from
different scenarios (explained in the text). The results with FZ are obtained using
τ0 = 8 fm/c.

that formation time, as well as the cross section for inelastic scattering increase with

the hadron energy.

The number of events as a function of the multiplicity of backward negative pions

is presented in Tab. 2.14. The NOMAD result suggests that ∼ 3.7% of events with

backward π− contains in fact two of them, while NuWro predicts that this is only 1.6%

or 0.1% cases (with and without FZ, respectively).

2.4.4.3.4 NC π0 production

Recent experimental data for neutral current π0 production come from three ex-

periments. Basic information about them is summarized in Tab. 2.1512. In the K2K

and MiniBooNE experiments the signal is defined as exactly one π0 leaving the nucleus

12Please note, that simulations are done for full neutrino flux, not the averaged.

66



Bπ− NOMAD W/o FZ With FZ

0 939617 921048 937883

1 4238 22590 6126

2 164 375 8

Table 2.14: The number of events as a function of the multiplicity of backward negative
pions.

Experiment Beam 〈Eν〉 [GeV] Target Measurement

K2K (Ref. [130]) νµ 1.30 H2O dN/dTπ

MB (Ref. [131]) νµ 0.81 CH2 dσ/dTπ, dσ/d cos θπ

MB (Ref. [131]) νµ 0.66 CH2 dσ/dTπ, dσ/d cos θπ

SciB (Ref. [132]) νµ 0.81 C8H8 dN/dTπ, dN/d cos θπ

Table 2.15: Recent NC π0 production measurements.

target and no other mesons, nor a charged lepton in the final state. In the case of Sci-

BooNE (SciB) events with at least π0 (with possible other pions as well) are taken into

account.

From the theoretical perspective the experimental signal for 1π0 production comes

from13:

• single π0 production in the primary vertex in the single pion production reaction;

• π0 produced in the double pion production reaction with the other pion being

absorbed;

• single π± production with the charge exchange reaction π± → π0 afterwards;

• primary quasi-elastic scattering with π0 produced in FSI.

According to NuWro, most of the 1π0 signal events come from the initial RES single

pion production reactions, see Tab. 2.16. This is expected, as SPP is the dominant

13For the SciB signal the number of possibilities becomes larger.
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Channel K2K MB ν MB ν

1π0 → 1π0 93.1% (84.5%) 93.0% (88.3%) 94.8% (92.4%)

no π → 1π0 2.0% (3.2%) 1.8% (2.4%) 1.2% (1.6%)

1π± → 1π0 3.7% (6.8%) 4.2% (5.8%) 3.2% (3.9%)

more π → 1π0 1.2% (5.5%) 1.0% (3.5%) 0.7% (2.1%)

Table 2.16: The origin of the events with 1π0 in the final state. Values in brackets refer
to results without FZ.

Channel K2K MB ν MB ν

1π0 → 1π0 81.6% (64.0%) 79.1% (66.9%) 83.0% (74.5%)

1π0 → no π0 5.9% (19.3%) 7.2% (19.2%) 6.4% (15.9%)

1π0 → π± 10.1% (11.0%) 10.2% (10.1%) 9.6% (7.8%)

1π0 → more π 2.4% (5.7%) 2.0% (3.7%) 1.0% (1.8%)

Table 2.17: The impact of FSI effects on the events with 1π0 in the primary vertex.
Values in brackets refer to results without FZ.

channel in the neutrino energy around 1 GeV. Note, that also in the channel 1π0 → 1π0

FSI can affect momentum and angular distributions of the neutral pion.

FSI effects are more apparent when one looks at what happens to π0 created in the

primary vertex (Tab. 2.17). Absorption, as well as charge exchange processes, reduces

the number of NC 1π0 events. However, one can see that the influence of formation zone

on the latter is smaller. This is because for low energy pions, for which FT is small, CE

scatterings are more likely than absorption.

Tab. 2.18 shows the composition of the π0 signal in the SciBooNE experiment as it

is understood by NuWro. The second column contains the values reported by the SciB

collaboration obtained from their Monte Carlo generator.

K2K and SciBooNE collaborations did not publish the normalized differential cross

section. However, flux averaged ratios of NCπ0 and total CC cross sections were given.

In Tab. 2.19 both values are compared to the NuWro results.
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Channel SciB MC NuWro (with FZ) NuWro (w/o FZ)

1π0 85% 82% 80%

1π0 + π± 11% 14% 16%

2π0 4% 4% 4%

Table 2.18: Predictions of contributions to π0 channel from SciBooNE MC and NuWro.

Experiment Data NuWro (with FZ) NuWro (w/o FZ)

K2K 0.064±0.008 0.079 0.070

SciB 0.077±0.010 0.077 0.071

Table 2.19: The ratio of NCπ0/CC cross sections.

Fig. 2.29 shows the MiniBooNE, K2K and SciBooNE data together with the NuWro

predictions for the π0 momentum distributions. In the case of normalized cross section

the main effect of the introduction of FZ is to increase the cross section in the pion

absorption peak region. The effect can be estimated to be 10−15%. In the case of K2K

measurement the use of FZ also moves the peak of the pion momentum distribution to

larger values by about 50 MeV/c, resulting in better agreement with the data.

Both MB and SciB experiments provide distributions of events versus the cosine of

the angle between neutrino flux and π0 momenta14. The NuWro predictions together

with the data are presented in Fig. 2.30. The backward directions are investigated, as

an important impact of FZ is expected in this kinematic region. Figs 2.30a and 2.30b

show that FZ increases the π0 in the backward directions, but the effect is rather small.

The reason is that at lower neutrino energies there are many backward moving π0 in

the primary vertex. FSI becomes the main source of Bπ0 for larger Q2 and then FZ

reduces their number.

In the case of SciBooNE experiment (Figs 2.30c and 2.30d) the NuWro results are

normalized to the number of π0. In this case FZ makes the number of backward moving

π0 little smaller. As it was mentioned before, FZ increases the cross section, but when

only the shapes are compared, distributions are shifted to higher energies and more

14In the case of SciB, if there were two neutral pions in the event, the more energetic was taken into
account.
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Figure 2.29: NCπ0 production as a function of π0 momentum. In the case of K2K and
SciB data NuWro predictions are normalized to the same area.

forward directions.
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Figure 2.30: The angular distribution of π0. SciBooNE data and NuWro predictions are
normalized to the same area (over the whole cos θπ0 range).
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Chapter 3

The comparison of MC generators

Monte Carlo generators are important tools in the investigation of neutrino measure-

ments. Regardless of the measurement method used in an experiment, particles seen

in a detector are the ones produced in a neutrino-nucleus scattering, usually affected

by the final state interactions. To interpret correctly the observation one needs reliable

MC simulations.

There are several MC neutrino event generators and they share many common

features. However, despite of the similarities, their results can differ significantly on the

level of both, primary vertex and final state interactions (see e.g. [7]). A short summary

of each generator discussed in this chapter can be found in Sec. 3.1.

The best way to test them is to compare their predictions with the available data.

In Sec. 3.3 there is a comparison of GENIE, NEUT and NuWro predictions to CC pion

production MiniBooNE data.

Because there is a limited set of neutrino data, comparisons just between generators

are also very useful. Such approach has an extra advantage of freedom in defining the

observables, which may be not easily measurable, but still are useful in crosschecking

the generators. The various distributions obtained using GENIE, NEUT, NUANCE

and NuWro are presented in Sec. 3.4.

In Sec. 3.2 the study of pion production in neutrino-oxygen interactions is discussed.

Considered generators are: FLUKA (Ref. [133]), GENIE, NEUT and NuWro.

3.1 MC generators

The general scheme in all MC generators is the same. At the beginning neutrino flavor

and momentum, as well as nucleus type are determined. The total cross section is

calculated (or read from tables) as the sum of cross sections for each channel:
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σtotal =
∑
i

σi (3.1)

The interaction type i is chosen with the probability σi
σtot

. In the MC algorithm the

kinematics of the process is obtained from the cross section σi model, usually affected by

nuclear effects like Fermi motion or Pauli blocking. Finally, the hadrons are propagated

through nucleus.

Each generator uses a different set of models for primary neutrino-nucleon interac-

tions. Each one has also its own approach to describe nuclear effects. Some of them are

tuned to experimental data1. All this affects the final results.

This section contains basic informations about models used in FLUKA (Subsec.

3.1.1), GENIE (Subsec. 3.1.2), NEUT (Subsec. 3.1.3) and NUANCE (Subsec. 3.1.4).

3.1.1 FLUKA

The FLUKA event generator is well known from its hadron-nucleon interactions and

nuclear effects model, called PEANUT (Ref. [134]). It has been used for over twenty

years in many various aspects of particle physics (Ref. [122]). Neutrino-nucleon QEL

scattering was introduced into FLUKA in 1997, while DIS interactions (NunDIS) and

∆ production (NunRES) development started in 2005 (Ref. [135]). For the resonance

pion production the Rein-Sehgal model (Ref. [51]) is used. A non-resonant contribution

is obtained from NunDIS, with a smooth linear transition in invariant mass from the

resonance region to DIS. FLUKA routines are used for hadronization. Coherence length

is applied for a final nucleon in QEL processes, while the Ranft formula (Ref. [121]) is

used for inelastic scattering.

3.1.2 GENIE

GENIE is a neutrino event generator that evolved from the NEUGEN package (Ref.

[136]). Nuclei are modeled within the Fermi gas picture with Bodek-Ritchie modifi-

cation (Ref. [137]). The Llewellyn-Smith formalism (Ref. [42]) with the latest BBBA

form factors parametrization (Ref. [138]) is used for QEL cross section calculations.

Resonance production is described by the Rein-Sehgal model up to the hadronic in-

variant mass W = 1.7 GeV. However, resonances are added incoherently and their

interference is neglected. For higher W the Bodek-Young model (Ref. [139]) is used.

The transition region from RES to DIS is tuned using the experimental data (Ref.

1Most of these data are model-dependent, is not it vicious circle?
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[136]). Coherent pion production is described within Rein-Sehgal model (Ref. [71]).

Hadronization is done using the AGKY model (Ref. [140]) for low W and PYTHIA

library for higher invariant masses, with a smooth transition between them. The effec-

tive approach to FSI (INTRANUKE) is applied, preceded by formation zone described

by the SKAT parametrization (Ref. [126]). INTRANUKE is tuned to hadron-nucleus

data (Ref. [141]). Recently, the two-body current contribution has been implemented,

based on Dytman model (Ref. [68]). GENIE is currently used by many collaborations,

including T2K, MINOS, MINERvA, NoVA, LBNE.

3.1.3 NEUT

The NEUT generator was developed for Kamiokande experiment. It has been used by

SuperK, K2K, T2K collaborations. The general set of cross section models is similar

to the one used in GENIE: the Llewellyn-Smith formalism for QEL, the Rein-Sehgal

models for RES and COH, and the Bodek-Young model for DIS. However, the RES

cut is set on W = 2 GeV and the lepton mass effect (see e.g. [142]) is included in

coherent Rein-Sehgal model. Hadronization is performed using PYTHIA routines. The

INC model is applied for FSI. The SKAT parametrization is used for formation time.

Fermi gas, as well as spectral function, can be used for a description of nucleus. NEUT

has a pion-less ∆ decays effect implemented. However, it has been turned off after

the inclusion of two-body current interactions into the generator. np − nh processes

implementation is based on the Nieves model (Ref. [63]) with the high-energy extension

(Ref. [64]).

3.1.4 NUANCE

NUANCE uses similar cross section models as NEUT and GENIE. Hadronization is

handled by PYTHIA, however, a KNO-based hadronization scheme is also included.

Fermi gas with κ-parametrization (Ref. [143]) is used for nuclear model. The INC is

applied for FSI. NUANCE uses constant value of formation length, equal to 1 fm. The

generator was used by MiniBooNE collaboration.

3.2 Pion production in neutrino-oxygen interactions

During the 45th Karpacz Winter School in Theoretical Physics in 2009 (Ref. [144]) stu-

dents were investigating pion production in various MC generators. Results are collected
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FLUKA GENIE NEUT NuWro

0π 54.0% (64.5%) 52.6% (61.9%) 66.9% (74.2%) 58.1% (68.5%)

1π 45.1% (34.6%) 46.0% (36.8%) 29.7% (23.6%) 40.1% (29.6%)

1π0 11.6% (9.8%) 8.8% (8.1%) 5.1% (5.2%) 7.1% (6.8%)

1π+ 33.5% (24.3%) 37.2% (28.5%) 24.6% (17.6%) 33.0% (21.5%)

1π− 0% (0.5%) 0% (0.2%) 0% (0.8%) 0% (1.3%)

> 1π 0.9% (0.9%) 1.4% (1.3%) 3.4% (2.2%) 1.8% (1.9%)

Table 3.1: The percent of events without π, exactly one π or more π’s in the final state.
Values in brackets refer to results after FSI.

in Ref. [7]. In this section the summary of these results is presented. The predictions

were prepared over 5 years ago and each generator has been updated since then.

The general idea was to look at the distributions of primary and final state pion

topologies. The number of events with given number of neutral and charge pion in the

final state was extracted from 500k events samples of 1 GeV νµ CC interactions on 16O,

before and after FSI.

Tab. 3.1 is based on the results from Ref. [7]. It presents the fraction of events

with no pion, with exactly one pion and with more pions in the final state, before and

after FSI. FLUKA and GENIE predicted about 1.5 times more single pion production

processes than NEUT. Note, that there is no coherent pion production in FLUKA. The

NuWro prediction were somewhere in the middle.

In about 25% of SPP neutral pion was produced in the case of FLUKA. For GENIE

it was about 20%. NEUT and NuWro predicted that one of the six SPP events contains

π0. However, all the generators, but FLUKA, had the same fraction of single π0 events

among all SPP in the sample (about 22%), when FSI is applied.

The effect of FSI in events with single pion in the primary vertex is presented in

Tab. 3.2. Pion are more likely to interact in the nuclear matter in NEUT and NuWro. In

GENIE the probability of re-interactions was exactly the same for neutral and charged

pion. Other generators predicted nuclear matter to be more transparent for charged

pion, then neutral one.

These studies showed the inconsistency of MC generators on the level of both -
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FLUKA GENIE NEUT NuWro

π0 → π0 67% 75% 57% 50%

π0 → 0π′s 24% 20% 28% 29%

π0 → π+ 5% 2% 7% 9%

π0 → π− 3% 2% 6% 8%

π+ → π+ 69% 75% 65% 59%

π+ → 0π′s 25% 20% 27% 30%

π+ → π0 5% 4% 6% 8%

Table 3.2: The percent of events with single pion or no pion in the final state if there
was single pion in the initial state.

primary vertex and FSI. As it was mentioned, these calculations were performed in

2009. Many updates were done in MC generators in the last few years.

3.3 MC generators vs MiniBooNE data for CC sin-

gle pion production

There is a lot of interest in single pion production processes in neutrino-nucleus inter-

actions, coming from the oscillation experiments and the demand to better constrain

the systematic errors. Both νµ → νe appearance and νµ → νµ disappearance signals are

contaminated with these processes and better understanding of them is needed.

The MiniBooNE collaboration provided the datasets for high-statistic cross sections

measurements for charged current single π+ and π− production (Refs [145, 146]). In

both cases the signal is defined as a muon, exactly one π. The contributions to such

events come from various scenarios, discussed in 2.4.4.3.4.

In this section the MB data is compared to GENIE, NEUT and NuWro predictions.

The results depend on the nucleon-level cross section, as well as on the final state

interactions, handled differently in each generator. Both GENIE and NEUT use the

Rein-Sehgal model [51], the former up to the hadronic invariant mass W = 1.7 GeV,

while the latter up to W = 2 GeV. In NuWro only the ∆ resonance is included along
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Figure 3.1: The total CC cross section for single pion production.

with the non-resonant background calculated from the DIS formalism. NEUT uses

intra-nuclear cascade based on the Oset model tuned to the experimental data. Final

state interactions in GENIE comes from fits to πA and pA data.

In Fig. 3.1 the total cross section as a function of neutrino energy is shown. All

generators are in a good agreement for π0 production (Fig. 3.1b). However, in the case

of charged pion (Fig. 3.1a) the cross section is underestimated. Despite the fact that

GENIE and NEUT have similar models for pion production in primary vertex, their

results differ significantly, which is probably caused by different approach to FSI.

Figs 3.2 - 3.4 shows the differential cross sections over Q2, muon kinetic energy and

pion kinetic energy or momentum. Ignoring the normalization, the shape agreement in

Q2 and Tµ variables is quite good (see Ref. [147] for more detailed analysis). The largest

discrepancy between generators is found, when one looks at pion momentum / energy

distributions (Fig. 3.4). Both, kinematics of primary vertex, as well as FSI model for

pion, may be a reason for that.

The pion angle distribution for neutral pion production is presented in Fig. 3.5. The

shape is exactly the same for GENIE and NEUT, while NuWro predicts more forward

going pions.
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Figure 3.2: The differential CC cross section over Q2 for single pion production.

3.4 Other MC comparisons

In this section the predictions of GENIE, NEUT, NUANCE and NuWro for other

observables, suggested by physicists from several neutrino experiments, are considered.

The first observable is protons (with Tk > 50 MeV) multiplicity in neutrino-argon

CC interactions for two values of incident neutrino energy: Eν = 1 GeV and Eν = 3 GeV

(see Fig. 3.6). The predictions depend mainly on the nucleons cascade model. However,

a relevant impact comes also from the model of pion absorption, giving a significant

contribution to multi-nucleon events.

The differences between MC predictions are quite large. In the case of Eν = 3 GeV

NuWro produces more events with only one proton in the final state than other gen-

erators2. Most likely the reason for that lies in the treatment of the formation zone

effect, which decreases a probability of re-interactions. FZ is smaller for lower energies,

so the difference at Eν = 1 GeV is also smaller. GENIE and NEUT have a relatively

good agreement with each other, while NUANCE produces more multi-proton events

than other generators. Note, the preliminary results for protons multiplicity from the

ArgoNeuT experiment discussed in 2.4.3.3.

Total visible energy, defined as the sum of kinetic energies of all protons and total

2Note, that recently, the in medium modification of the NN cross section, based on Ref. [100], was
introduced in NuWro. It may change the nucleon multiplicity.
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Figure 3.3: The differential CC cross section over muon kinetic energy for single pion
production.

energies of all mesons and charged lepton, for neutrino energy Eν = 3 GeV, in the case

of neutrino-argon CC scattering is presented in Fig. 3.7. The loss of the initial energy is

related to the number of neutrons in the final state and the treatment of losing energy

by nucleons due to FSI effects. The predictions, again, are not satisfactorily consistent.

As it was mentioned, NuWro uses a model of FZ with a dependence of the effect on

the incident neutrino energy. For Eν = 3 GeV it significantly decreases the number of

re-interactions and it results in lower energy loss, comparing to other generators. The

highest energy loss is predicted by NEUT.

Having in mind the protons multiplicity disagreement, one can assume the same sit-

uation to hold true also for neutrons. This is probably the main reason of the difference

in the MC results. It would be also interesting to investigate the total energy carried

by all particles in the final state to check the size of the difference in modeling nuclear

potential in MC generators.

The next presented observable is the momentum of the most energetic proton in

neutrino-argon CC interactions for Eν = 1 GeV (see Fig. 3.8). Only events with no

meson in the final state are taken into account. The MC predictions are shown for four

cases: events with only one, two, three or more protons in the final state. Together they

are all normalized to 100 events. A cut on the proton kinetic energy Tk > 50 MeV is

applied. Opposite to protons multiplicity (Fig. 3.6) these results depend not only on
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Figure 3.4: The differential CC cross section over pion kinetic energy/momentum for
single pion production.

the cross sections model used in nucleons cascade, but also on kinematics.

There is quite good agreement for all MC generators in the case of events with only

one proton in the final state. When the protons number becomes larger (the effect of

FSI), the differences in predictions start to increase, both in shape and in normalization.

The kinematics of the elastic nucleon-nucleon scattering and the pion absorption process

have the crucial impact on the distributions for multi-proton events. A treatment of

the nuclear potential influence on the nucleons energy may also be important.

Two-dimensional distribution of π+ energy vs cosine of scattering angle (respect to

the neutrino beam) in the case of 5 GeV neutrino CC scattering off carbon is presented

in Fig. 3.9. Only events with single π+ (and no other mesons) in the final state are

considered.

One can see much better agreement between predictions as for nucleon observables.

This is a result of intensive studies on pion cascade models made over last few years in

the MC generators community, which were triggered by the need for a better estimation

of backgrounds for QEL scattering processes, coming from events with a single pion

produced in the primary vertex and absorbed during FSI.

GENIE and NuWro results are very similar, but GENIE predicts larger smearing of

the distribution. NEUT has a sharp peak around Tk ∼ 0.5 GeV for forward directions.

The distribution is sensitive to both: single pion production process in the primary
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Figure 3.5: The pion scattering angle distribution for CC 1π0 production.

vertex and the FSI model.

It is clearly seen from the results presented in this section, that FSI for nucleons

was not studied as intensively as for pions. The disagreement in simple observables like

proton multiplicity or total visible energy is disturbing and motivates further studies

on nucleon cascade models.

Predictions for GENIE, NEUT and NUANCE were provided by Hugh Gallagher,

Yoshinari Hayato and Sam Zeller, respectively. More comparisons can be found in Ref.

[148].
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Figure 3.6: Protons with Tk > 50 MeV multiplicity in the neutrino-argon CC interaction
with no meson in the final state.
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Figure 3.8: The most energetic proton momentum in the neutrino-argon CC interactions
with no meson in the final state for neutrino energy Eν = 1 GeV. Only protons with
Tk > 50 MeV are taken into account.
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Figure 3.9: π+ total energy vs cosine of the scattering angle distribution in the case
of 5 GeV neutrino-carbon CC interaction. Only events with single π+ (and no other
mesons) are taken into account. The fields of the boxes are proportional to the cross
section.
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Chapter 4

The analysis of the MiniBooNE
data for NC elastic scattering

The MiniBooNE collaboration measured the flux averaged NCEL differential cross sec-

tion on the CH2 target. Two observables were considered. The first one is the distribu-

tion of events in the total reconstructed kinetic energy of the final state nucleons. This

measurement is based on the MB detector ability to analyze scintillation light in the

absence of Cherenkov light from the final state muon. In the second observable a pro-

ton enriched sample of events with the kinetic energies above the Cherenkov radiation

threshold is analyzed. This observable is defined as the ratio of the cross section for the

proton enriched sample to the total NCEL-like (events with no pions in the final state)

cross section.

The MB collaboration made two separate parameter extractions. Assuming gsA =

0 (see Eq. 2.17) the value of M eff
A = 1.39 ± 0.11 GeV was obtained from the first

observable. Taking the value M eff
A = 1.35 GeV from the CCQE analysis (Ref. [41]),

gsA = 0.08± 0.26 from the proton enriched sample of events was found. The description

of both data samples in terms of M eff
A ∼ 1.35 GeV and gsA ∼ 0 is consistent. The MB

collaboration did not attempt to make a simultaneous extraction of both parameters

(it was only discussed in Ref. [149]).

In the MB analysis the values of MA used in modeling scattering off carbon and off

free protons were different. For protons the MA was fixed to be 1.13 GeV. For carbon the

axial mass value was treated as a free parameter. A large effective MA value is expected

to account for the np − nh contribution present in the neutrino-carbon scattering but

absent in the scattering off proton.

In this chapter the analysis of the MB NCEL data using NuWro is presented. An

important difference respect to the previous studies (see e.g. Refs [150–152]) is the
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inclusion of the two-body current contribution. Moreover, the NuWro predictions are

compared to the quantities (visible energy) that are directly observable, so this study

do not rely on the NUANCE1 FSI model.

In the absence of other two-body current models for NC, TE model is used in the

analysis. As it was discussed in Subsec. 2.2.5, TE model does not properly describe the

energy transfer to two-nucleon system. It affects the final nucleon energy distribution,

which is discussed in Subsec. 4.3.2.

This chapter is organized as follows: the unfolding procedure is described in Sec. 4.1

and the NuWro-based analysis without and with the np− nh contribution is presented

in Secs 4.2 and 4.3, respectively.

4.1 The unfolding procedure

Two data samples provided by the MB collaboration are discussed. The first one (the

NCEL sample) contains the distribution of the total reconstructed kinetic energy of all

nucleons in the final state, normalized to the number of events seen in the detector.

The second data sample (the NCEL high energy sample) is provided in a form of

the ratio:

η =
X̃(νp→ νp)
X(νN → νN)

(4.1)

where X̃ denotes a contribution from the special class of events, called single proton

or proton enriched. Those are events with visible Cherenkov light and the proton scat-

tering angle θ < 600. In the MC simulations the largest contribution to those events

comes from the NCEL scattering on protons, which then do not undergo re-interactions.

In the case of multiple proton events, the energy of an individual proton is in general too

low to produce Cherenkov light. Even if a high energy proton appears in the multiple

proton event, it has typically larger scattering angle than protons unaffected by FSI.

The denominator (X) denotes the contribution from all the NCEL-like (no charged

lepton nor pion in the final state) interactions.

Both data samples are presented as a function of reconstructed energy2 (ν), mea-

sured in the detector. To compare this data with the theoretical predictions given in

terms of the true kinetic energy (µ), one needs the unfolding procedure, allowing a

passage from µ to ν.

1NUANCE was used by the MB collaboration in the data analysis.
2The original notations from Ref. [149] is kept.
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In Subsec. 4.1.1 the original MB unfolding procedure is described. The treatment

of np− nh events, not considered in the MB analysis, is discussed in Subsec. 4.1.2.

4.1.1 MiniBooNE unfolding procedure

For all but np−nh events the approach proposed by Perevalov (Ref. [149]) is used. For

both data samples the unfolding procedure is similar. Five types of events giving the

contribution to the final distributions are considered:

1. NCEL on hydrogen;

2. NCEL on a proton from carbon unaffected by FSI;

3. NCEL on a proton from carbon affected by FSI;

4. NCEL on a neutron from carbon;

5. irreducible background (pions produced in the primary vertex and absorbed due

to FSI effects).

For each type of the signal events, k = 1, 2, ..., 5, there is a response matrix (R(k))

provided in Ref. [153], which simulates the energy smearing, the detector efficiency and

defines a relation between true and reconstructed energy distributions:

ν
(k)
j =

∑
i

R
(k)
ij µ

(k)
i (4.2)

R(k) are either 51x51 or 30x30 matrices for the two data samples, respectively. The

columns of matrices label the true kinetic energy bins and rows label the reconstructed

kinetic energy. There are 50 bins starting from 0 MeV up to 900 MeV plus an extra

overflow bin for the NCEL sample in the true kinetic energy. For NCEL high energy

sample there are 28 bins, starting from 300 MeV up to 900 MeV plus underflow and

overflow bins. The graphical representation of the response matrices can be found in

App. B.

To obtain the reconstructed kinetic energy distribution and compare with the data

one goes through the following steps:

1. use a theoretical model and calculate the flux-averaged distributions for five dif-

ferent signal events using the same bins as in the response matrices;

2. use the proper response matrices to translate each histogram to the reconstructed

kinetic energy distribution;
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3. sum all the histograms and add the background events (νBKG contains dirt, beam-

unrelated, and other background provided by the MB collaboration in Ref. [153])

to get the total reconstructed energy spectrum:

νMC
j =

∑
k

ν
(k)
j + νBKGj (4.3)

4. use the provided error matrices (Mij) to calculate χ2:

χ2 =
∑
i

∑
j

(
νDATAi − νMC

i

)
M−1

ij

(
νDATAj − νMC

j

)
(4.4)

Unlike the CCQE MB data published in Ref. [41] the flux normalization error is

already included in the error matrices.

4.1.2 Alternative unfolding procedure

An alternative way to convert the true kinetic energy to the reconstructed one is to

translate it on the event by event basis. For each value of the true kinetic energy the

corresponding column in the response matrix gives a probability distribution with the

information how the given true energy value is smeared out in the detector, normalized

to the efficiency. To obtain the reconstructed kinetic energy distribution one proceeds

as follows:

1. for each event calculate the total true kinetic energy of all nucleons in the final

states (µ) and get a bin number j;

2. find the type of signal (k), see Subsec. 4.1.1;

3. choose j-th column of the R(k) response matrix as the probability distribution;

4. use the MC method to decide if the event is accepted (according to the efficiency)

and what energy is visible in the detector.

4.1.2.1 The unfolding procedure for the two-body current events

In the np − nh events there are typically two hit nucleons after a primary interaction

and both propagate through a nucleus. In the MB analysis there are no np−nh events

included and no response matrices were prepared for them. To take two-body current

events into account, they must be expressed in terms of five signals defined in Subsec.

4.1.1.
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A naive interpretation may suggest a treatment of each nucleon from the np − nh
events separately. However, it would be incorrect. The signal is recorded by photomul-

tiplier tubes (PMT), which absorb the light emitted in the scintillator (and also the

Cherenkov radiation). The event is accepted if there is a sufficient number of PMT hits.

Any of two individual nucleons may have too low energy to generate enough PMT hits,

but together the can make it (Ref. [154]).

In this analysis both nucleons from a two-body current event are treated together

and the kinetic energies of all nucleon in the final state are summed up as if they come

from only one nucleon. In the detector np − nh events are seen as multiple protons

events, so as signals (3) - NCEL on proton from carbon affected by FSI and (4) - NCEL

on neutron from carbon.

One expects events without proton in the final state to be more smeared out in the

detector, so the response matrix for the signal (4) is applied, if there are two neutrons

in the primary vertex or for the signal (3) in other cases (Ref. [154]). If there is a

proton in a np− nh event with the scattering angle θ < 600, its energy is translated to

the reconstructed one to check if the Cherenkov light is produced and the event gives

contribution to the numerator of the ratio η (Eq. 4.1).

However, in np− nh events the energy transfered to the hadronic system is shared

by two nucleons, and it is unlikely that there will be a proton with energy large enough

to produce Cherenkov light. Thus, the np − nh events usually contribute only to the

numerator of the ratio η, making it smaller.

4.2 The analysis without the two-body current con-

tribution

The numerical procedure was checked by making the analysis without np − nh events

and compared to the MB results.

The fixed value of axial mass for hydrogen MA = 1.03 GeV was assumed and χ2

function was minimized for the effective axial mass for carbon (M eff
A ) using the data

for the reconstructed energy distribution. Following the MB procedure the value gsA = 0

was assumed.

The value M eff
A = 1.47± 0.10 GeV was obtained with χ2

min/DOF = 23.6/50 (confi-

dence level (CL) = 99%, see Fig. 4.2a). This value is larger than the one reported by the

MB collaboration (M eff
A = 1.39 ± 0.11 GeV), but consistent within the 1σ error bars.

The discrepancy is probably caused by the presence of the pion-less ∆ resonance decays
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Figure 4.1: The comparison of the NUANCE (points) and NuWro (lines) predictions
for the true kinetic energy distributions for each signal defined in Subsec. 4.1.1.

in the NUANCE, but not in NuWro. π-less decays is the effective in-medium modifi-

cation of the ∆ width, realized by the assumption that 20% of ∆ decay without any

pion. Fig. 4.1 shows the NUANCE and NuWro predictions for the true kinetic energy

distributions for each signal defined in Subsec. 4.1.1. For all but irreducible background

there is a good agreement between generators.

To investigate a possible impact of the choice of the electromagnetic form factors

parametrization on the final results, the computations was repeated using the form

factors corrected by a two-photon exchange (Refs [155, 156]) and almost identical results

were obtained.

Using the data for the ratio η (Eq. 4.1) the strange quark contribution to the

NCEL cross sections was examined. Fixed values of the axial mass values were as-

sumed: 1.03 GeV for hydrogen and effective value 1.47 GeV for carbon. The strange

quark contribution was found to be gsA = 0.24 ± 0.46 with χ2
min/DOF = 26.7/29 (CL

= 58.8%, see Fig. 4.2b). This result is consistent with the value published by the MB

collaboration.
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Figure 4.2: The χ2 distributions for NCEL and NCEL high energy samples.

4.3 The analysis with the two-body current contri-

bution

Following the same steps the analysis was repeated including the np−nh contribution.

Transverse Enhancement model was used3, as in MCs this is the only available model

for NC np − nh processes up to date. Assuming gsA = 0 the minimum of the χ2 for

the distribution of the total reconstructed energy of the final state nucleons was found

for the axial mass value MA = 1.15 ± 0.11 GeV with χ2
min/DOF = 24.4/50 (CL =

99.9%). The extraction of the strangeness from the ratio η, assuming MA = 1.15, leads

to the value gsA = −0.72± 0.55 with the χ2
min/DOF = 28.7/29 (CL = 48.1%), which is

inconsistent with zero (as assumed in the first fit). As it was discussed, the two-body

current events contribute mostly to the denominator of the ratio η making its value

smaller. Also, a lower MA makes the ratio η smaller. To compensate for both effects a

lower value of gsA can be expected.

The inconsistency described above was motivating to make a simultaneous fit of

both theoretical model parameters (see Subsec. 4.3.1). For various reasons described in

details in Subsec. 4.3.2, the ratio η was no longer taken into considerations.

3The possible impact of the other model choice is discussed in Subsec. 4.3.2.
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Figure 4.3: 1σ error contour for (MA, g
s
A) parameters obtained from χ2 (Eq. 4.4) for the

NCEL sample. Dots are located at χ2 minima.

4.3.1 Simultaneous extraction of MA and gsA

The procedure for simultaneous extraction of MA and gsA is the same as before. Again,

the fixed value of the axial mass (MA = 1.03 GeV) was assumed for hydrogen. The χ2

surface in MA and gsA variables was calculated for the NCEL sample. The minimum of

the χ2 function was found for the following values:

• without np− nh events:

MA = 1.34+0.15
−0.12 and gsA = −0.5+0.3

−0.2

with χ2
min/DOF = 22.0/50;

• with np− nh events:

MA = 1.10+0.12
−0.15 and gsA = −0.4+0.5

−0.3

with χ2
min/DOF = 22.7/50.

Fig. 4.3 shows the results for the simultaneous two-dimensional fits without and

with the np − nh contribution included in the NuWro simulations, together with 68%

confidence regions. The inclusion of the two-body current events makes the best fit
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result for MA consistent with the world average. It confirms that the difference between

recent and older axial mass measurements can be explained by taking into account

the np − nh contribution. The value of the strange quark contribution is found to be

consistent with zero.
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Figure 4.4: NCEL and NCEL high energy sample distributions, broken down to in-
dividual contributions. The NuWro result is obtained with the MA = 1.10 GeV and
gsA = −0.4 values.
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The simultaneous extraction of the MA and gsA parameters was discussed in Ref.

[149]. The χ2 surface was calculated for the values of MA and gsA from the region

1.0 GeV to 1.5 GeV and −0.5 to 0.5, respectively. The minimum of χ2 was found for

MA = 1.23 GeV and gsA = −0.5. However, the author argued that due to a normalization

variation gsA gets too far from gsA = 0 value. The further study for restricted value of

gsA = −0.2 ± 0.1 (suggested by the BNL E734 experiment Ref. [157]) lead him to the

conclusion, that there is a little dependence on gsA in NCEL sample.

The NuWro prediction (broken down to individual contributions from elastic scat-

tering on carbon and hydrogen, two-body current contribution, irreducible background

and other backgrounds) for the best fit values of the MA and gsA parameters is com-

pared to the MB data in Fig. 4.4a. The contribution coming from the np − nh events

amounts to approximately 15% of the overall distribution affecting both its shape and

the normalization. As the sum of the kinetic energies of all nucleons in the final state is

investigated, the results is not very sensitive on the assumptions made on the np− nh
kinematics in 2.2.5.1.

The prediction for the ratio η obtained with the same MA and gsA values together

with the contributions to the numerator coming from various signal events is presented

in Fig. 4.4b. The value of χ2 obtained with MA = 1.10 and gsA = −0.4 for the ratio is

equal χ2/DOF = 30.2/29. It means that the reported values are consistent also with

the proton enriched sample observable.

As mentioned in 2.4.4.2.1 the formation zone for the np− nh events is assumed to

be zero. In order to estimate how important the FZ effect can be for this analysis, the

computations were repeated assuming the formation length for np− nh events to be 1

fm. It turns out that this assumption does not affect the final results in a statistically

relevant way.

The impact of the uncertainty of the value of pCC parameter (see 2.2.5.2) was also

investigated. The default value pCC = 0.6 was replaced by pCC = 0.8 and the compu-

tations were repeated. No significant influence on the final results was found.

4.3.2 The ratio η issue

The investigation of the NCEL high energy sample lead to the conclusion that the ratio

η is very sensitive to many details of the theoretical model. From Fig. 4.4b it is clearly

seen that η depends strongly on other backgrounds. Above 350 MeV of the kinetic

energy a significant contribution comes from irreducible background, known with a

precision not better than 20-30%. The choice of the np− nh model strongly affects the

final nucleons kinematics (see Fig. 2.7). One can expect that it also affects the number

94



-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.8 1 1.2 1.4 1.6 1.8 2 2.2 2.4

g
s A

MA [GeV]

NCEL
NCEL HE

(a) With NuWro prediction for irreducible
background

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.8 1 1.2 1.4 1.6 1.8 2 2.2 2.4

g
s A

MA [GeV]

NCEL
NCEL HE

(b) With NUANCE prediction for irreducible
background

Figure 4.5: 1σ error contour for the (MA, g
s
A) parameters obtained from χ2 (Eq. 4.4) for

the NCEL and NCEL high energy samples without the np− nh contribution. Dots are
located at χ2 minima.

of protons above the Cherenkov threshold and the predictions for the ratio η.

4.3.2.1 The ratio η and irreducible background

As it was discussed in Sec. 4.2, the prediction for irreducible background depends on

including or not the π-less ∆ decays. To check how it affects the results, the simultaneous

extraction of the MA and gsA parameters to both MB observables was done for two cases

(without the np− nh contribution):

1. the NuWro predictions for all five signals (see Subsec. 4.1.1) were used to calculate

χ2;

2. the NuWro predictions for first four signals and the NUANCE one for irreducible

background were used to calculate χ2.

The results are presented in Fig. 4.54. When π-less ∆ decays are not applied (Fig.

4.5a), two observables are barely consistent within 1σ error. In the other case (Fig.

4.5b), the predictions for NCEL and NCEL high energy samples are consistent.

4Please note, that due to the need for high computing power to calculate χ2 surface the results
suffers on statistical fluctuations. The plots are smoothed using Bezier curves.
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Figure 4.6: The comparison of the nucleon kinematics in TE, Nieves and TE+Nieves
models (for CC scattering off carbon with MB flux).

It is worth noting, that the ratio η strongly depends on the prediction for irreducible

background, which does not happen in the case of NCEL sample.

4.3.2.2 The ratio η and the np− nh model

As it was mentioned, the only available model for neutral current np − nh events in

NuWro is Transverse Enhancement model. The total cross section, introduced by the

modification of the vector magnetic form factors, is in a good agreement with micro-

scopic calculations. However, the QEL-based kinematics does not properly describe the

energy transfer distribution (see Fig. 2.6), which affects final nucleon momenta.

To estimate the impact of using the phenomenological TE model instead of one of

the theoretical calculations, the TE+Nieves toy model is introduced. The cross section

and the lepton scattering angle are obtained from the TE differential cross section (Fig.

2.6d, but based on the established angle the lepton kinetic energy is obtained from the

Nieves kinematics distribution (Fig. 2.6a) using MC methods (for NC processes lepton

mass is set to zero).

In Fig. 4.6 there is the comparison of the nucleon kinematics in TE, Nieves and

TE+Nieves models. The MB flux was used in the simulations and carbon was set as

a target. The kinetic energy of the most energetic nucleon is shown in Fig. 4.6a and
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Figure 4.7: 1σ error contour for the (MA, g
s
A) parameters obtained from χ2 (Eq. 4.4)

for the NCEL and NCEL high energy samples with the np− nh contribution. Dots are
located at χ2 minima.

the sum of kinetic energies of all nucleons in the final state is presented in Fig. 4.6b.

The TE+Nieves “toy model” reconstructs the nucleon kinematics from original Nieves

model quite well.

The extraction of the MA and gsA parameters for both MB observables was done

using pure TE and TE+Nieves models. The results are presented in Fig. 4.7. The

analysis with pure TE model leads to the conclusion that NCEL and NCEL high energy

samples are inconsistent within 1σ error. However, when TE+Nieves model is applied,

the observables comply.

As one could expect, the ratio η is much more sensitive on the choice of the np−nh
model than NCEL sample. Further studies on the NC two-body contribution in the

context of the MB data for high energy sample can discriminate between the models.
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Summary

NuWro neutrino event generator was presented in the thesis. The primary neutrino

interactions for charged and neutral currents were described:

• (quasi-)elastic scattering within the Llewellyn-Smith formalism;

• pion production through ∆(1232) resonance excitation within the Adler-Rarita-

Schwinger formalism, together with non-resonant background;

• deep inelastic scattering within the quark-parton model;

• coherent pion production within the Rein-Sehgal model;

• two-body current contribution within Nieves, Martini, MEChM and Transverse

Enhancement models.

Few approaches for the description of nuclei, including Fermi gas and spectral func-

tion, were presented. The results obtained using each of them were compared within

several observables.

The final state interactions model was discussed in more detailed way. The prop-

agation of nucleon and pion through nuclear matter was described within Metropolis

and Oset models. The high-energy extensions for these models were proposed.

The formation time was introduced and most common parametrizations of this effect

were presented. The impact of the formation time on the results was investigated.

NuWro predictions were compared to various experimental data and the results of

other Monte Carlo generators.

Finally, the complete analysis of MiniBooNE data for neutrino-CH2 neutral current

elastic scattering were performed. It was the first analysis of this data made with the

inclusion of the two-body current contribution.
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Appendix A

Params.txt

NuWro uses by default the params.txt file located in “nuwro” directory. If the file does

not exist, the one from “nuwro/data” folder is loaded. If both files are missing or some

of the parameters are not set in the file, default values are used. In the table below one

can find a detailed description of all parameters.

Parameter name
Possible

arguments

Default

value
Description

General settings

number of events
any positive

integer number
100 000

The number of equally

weighted events to be

saved in the output ROOT

file (eventsout.root).

number of test events
any positive

integer number
1 000 000

The number of events used

to calculate cross sections

(not saved by default).

user events 0, 1 0

Used to turn on the fitting

procedure:

0 - Run NuWro;

1 - Fit axial mass to

MiniBooNE data for

CCQE.
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user params
(use with user events 1) x y z -

Parameters for the axial

mass extraction procedure:

x - the minimum axial

mass value;

y - the maximum axial

mass value;

z - the axial mass step.

random seed
any positive

integer number
0

Controls the random seed

persistence:

0 - use time(NULL) as a

seed for the random

number generator;

1 - read state from “ran-

dom seed” file or use

seed=time(NULL),

if the file was not

found;

n - use x as the seed for

the random number

generator.

mixed order 0, 1 1

If 1, events are saved to the

output file in random or-

der.
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save test events 0 - 2 0

Turn on to use test events

in the analysis:

0 - test events are not

saved;

1 - test events are final-

ized and stored in

weight.eventsout.root

file, the average

weight is equal

to the total cross

section;

2 - test events of non-

zero weights are fi-

nalized and stored in

weight.eventsout.root

file, the weights are

respectively scaled,

so the average

weight is equal

to the total cross

section.

Beam specification

beam direction x y x 0 0 1

The direction of the neu-

trino momentum in xyz co-

ordinates.

beam particle
(use with beam type 0) ± 12, ± 14, ± 16 14

PDG number of the inci-

dent neutrino.
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beam type 0 - 4 0

Types of beams:

0 - a single neutrino fla-

vor beam;

1 - a mixed flavor beam;

2 - a beam loaded from

a ROOT file;

3 - a beam loaded

from the histogram

(histout.txt);

4 - create histout.txt

file based on a

ROOT file (than use

beam type 3 to run

NuWro).

beam energy
(use with beam type 0)

(1) E

(2) Emin Emax

(3)

Emin Emax a0 ... an

1000

The energy profile:

(1) set a mono energetic

beam;

(2) set an uniform beam

with energy range

from Emin to Emax;

(3) set a beam with

energy range from

Emin to Emax,

ai/
∑n
j aj gives a

probability the en-

ergy will be drawn

from (i∗ε, (i+1)∗ε)
interval, where ε =

(Emax − Emin)/n.
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beam content
(use with beam type 1)

n x% +

beam energy
empty

The mixed beam defini-

tion:

beam content = BC1
beam content += BC2
...

BCi = ni xi% BEi, ni

is a PDG number of the

incident neutrino, xi is

a percent of this kind

of neutrino in the beam,

BEi is the definition of

the energy range (like in

beam energy).

beam folder
(with beam type 2,4) path ../flux

The path to the directory

with ROOT files.

beam file first
(with beam type 2,4)

any positive

integer number
1

The number of the first file

in the folder to be read.

beam file limit
(with beam type 2,4)

any positive

integer number
0

The number of files to be

loaded (0 - read files to the

last one in the directory).

beam offset x y z 0 0 0

The offset of the position of

the interaction in xyz coor-

dinates.
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beam placement
(in cascade mode only) 0 - 2 0

The starting position of the

particle:

0 - the propagation

starts at the center

of the nucleus;

1 - the propagation

starts at a random

place inside the

nucleus;

2 - the propagation

starts just under

the surface of the

nucleus.

One can also use predefined beam specifications instead of the above parameters.
The list of beams can be found in “nuwro/data/beam” directory.

To use one of those beams, one must use the following line:

@beam/beamfile.txt

where beamfile.txt is the name of the file from “nuwro/data/beam” directory.

Target specification

target type 0, 1, 2 0

Types of targets:

0 - a single nucleus;

1 - a target composed

from some nuclei;

2 - a detector geome-

try loaded from a

ROOT file.

nucleus p
(use with target type 0)

any positive

integer number
6

A number of protons in the

target nucleus.

nucleus n
(use with target type 0)

any positive

integer number
6

A number of neutrons in

the target nucleus.

nucleus E b
(use with target type 0)

any positive

number
34

The binding potential

(sum of binding and Fermi

energies).
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nucleus kf
(use with target type 0)

any positive

number
220 The Fermi momentum.

nucleus target 0 - 5 2

Nucleus models used in a

primary interaction:

0 - free nucleon;

1 - Fermi gas;

2 - local Fermi gas;

3 - Bodek-Ritchie

model;

4 - spectral function;

5 - deuterium.

nucleus model 0, 1 1

Nucleus density profiles for

FSI:

0 - constant density;

1 - realistic density pro-

file.

target content
(use with target type 1) a b cx d e f -

The composed target defi-

nition:

target content = TC1
target content += TC2
...

TCi = ai bi cix di ei fi, ai is

the number of protons, bi is

the number of neutrons, ci
is the number of i-th kind

of nucleus in the target,

di (optional) is the binding

energy, ei (optional) is the

Fermi momentum, fi (op-

tional) is the nucleus model

(like in nucleus target).
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geo file
(use with target type 2) filename

see

description

The path to the file

with the detector ge-

ometry (default tar-

get/ND280 v9r7p5.root).

geo name
(use with target type 2) geometry name

see

description

The name of the geom-

etry in the file (default

ND280Geometry v9r7p5).

geo o
(use with target type 2) x y z 0 0 0

The coordinates of the cen-

ter of the box.

geo d
(use with target type 2) x y z

see

description

The half dimension of the

box (default 2000 5000

5000).

geo volume
(use with target type 2)

master volume

name
-

The name of the master

volume in the detector file.

One can also use predefined target specifications instead of the above parameters.
The list of targets can be found in “nuwro/data/target” directory.

To use one of those beams, one must use the following line:

@target/targetfile.txt

where targetfile.txt is the name of the file from “nuwro/data/target” directory.

Interaction settings

dyn qel cc 0, 1 1
Turn on/off charge current

quasi-elastic process.

dyn qel nc 0, 1 1
Turn on/off neutral cur-

rent elastic process.

dyn res cc 0, 1 1

Turn on/off charge cur-

rent resonance pion pro-

duction..

dyn res nc 0, 1 1

Turn on/off neutral cur-

rent resonance pion pro-

duction.

dyn dis cc 0, 1 1
Turn on/off charge current

deep inelastic scattering.
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dyn dis nc 0, 1 1

Turn on/off neutral cur-

rent deep inelastic scatter-

ing.

dyn coh cc 0, 1 1
Turn on/off charge current

coherent pion production.

dyn coh nc 0, 1 1

Turn on/off neutral cur-

rent coherent pion produc-

tion.

dyn mec cc 0, 1 1

Turn on/off charge cur-

rent meson exchange cur-

rent process.

dyn mec nc 0, 1 1

Turn on/off neutral cur-

rent meson exchange cur-

rent process.

Quasi-elastic

qel vector ff set 1 - 6 2

Electromagnetic form fac-

tors parametrization:

1 - dipole form;

2 - BBBA05 (Ref.

[138]);

3 - BBA03 (Ref.

[158]);

4 - JLab (Ref. [159]);

5 - NN10 with two

photon exchange ef-

fect (Ref. [155]).
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qel axial ff set 1 - 4 1

Axial form factors

parametrization:

1 - dipole form;

2 - 2-fold parabolic

modification;

3 - 3-fold parabolic

modification;

4 - 4-fold parabolic

modification.

qel strange 0, 1 0

Turn on/off the strange

quark contribution to the

NC axial form factors.

qel strangeEM 0, 1 0

Turn on/off the strange

quark contribution to the

NC vector form factors.

delta s any number -0.15 gsA (see Subsec. 2.2.2).

qel cc axial mass
any positive

number
1200

The axial mass value for

charge current form fac-

tors.

qel nc axial mass
any positive

number
1350

The axial mass value for

neutral current form fac-

tors.

qel s axial mass
any positive

number
1200

The axial mass value used

in the dipole strange form

factor.
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qel rpa 0 - 3 0

RPA settings:

0 - do not use RPA;

1 - use RPA without

effective mass of nu-

cleon;

2 - use effective mass

of nucleon without

RPA (test only);

3 - use RPA with effec-

tive mass of nucleon

(test only).

flux correction 0, 1 1
Turn on/off flux correc-

tion.

sf method 0 - 3 0

Spectral function settings

(for CCQE):

0 - do not use spectral

function;

1 - use grid spectral

function (for 12C,
16O, 40Ar, 40Ca,
56Fe);

2 - use factorized spec-

tral function (for
16O, 40Ar, 40Ca).

cc smoothing 0, 1 1

If 1, the impossible quasi-

elastic reaction (like CC ν

scattering off proton) are

skipped.
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Pion production

delta FF set 1 - 7 1

∆ production form factors:

1 - dipole form;

2 - Paschos and

Lalakulich, 2.12

MA = 1.05GeV

BNL fit (Ref. [160]);

3 - Paschos and

Lalakulich, 2.12

MA = 0.84GeV

ANL fit (Ref. [160]);

4 - Paschos and

Lalakulich, page 4,

bottom right (Ref.

[160]);

5 - Paschos and

Lalakulich, page 5,

top left (Ref. [160]);

6 - Eq. 13 from Ref.

[161];

7 - based on chiral

quark model from

Ref. [162].

pion axial mass
(for delta FF set 1)

any positive

number
0.94

The axial mass value used

in dipole parametrization

of the resonance pion pro-

duction form factor.

pion C5A
(for delta FF set 1)

any positive

number
1.19

The C5
A value used in

dipole parametrization of

the resonance pion produc-

tion form factor.

spp precision
any positive

number
500

Controls the precision in

RES-DIS boundary region.

Should not be changed.
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red dis cut
any positive

number
1600

Boundary of RES-DIS

transition. Should not be

changed.

coh mass correction 0, 1 1

Turn on/off Rein Sehgal

correction to charge cur-

rent coherent pion produc-

tion.

coh new 0, 1 1

Change between old (0)

and improved (1) imple-

mentation of coherent pion

production.

Two-body current

mec kind 1 - 4 1

Two-body current models:

1 - Transverse En-

hancement model

(Ref. [60]);

2 - based on Marteau

model (Ref. [65]);

3 - Nieves et al. model

(Ref. [63]);

4 - Martini et al.

model (Ref. [65,

66]).

mec ratio pp
any positive

number from [0,1]
0.6

The fraction of mixed

initial nucleon pairs for

charge current interaction.

For neutral current the

fraction is calculated as

1/(2*mec ratio pp + 1).

Final state interactions settings

kaskada on 0, 1 1
Turn on (1) / off (0) final

state interactions.
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kaskada w
any positive

number
7

The value of the effective

potential subtracted from

the nucleons energy leaving

the nucleus.

kaskada redo 0, 1 0

If on, given output file

(eventsout.root by default)

is loaded, the primary ver-

tex is copied and only final

state interactions are simu-

lated. New output file with

“.fsi.root” suffix is created.

kaskada writeall 0, 1 0

If on, all particles created

during final state interac-

tions are saved in all vec-

tor.

step
any positive

number
0.2

Length of max step in the

cascade in fm.

xsec 0, 1 1

Cross section models for

pion-nucleon interactions:

0 - based on Ref. [97];

1 - based on Ref. [101].

pauli blocking 0, 1 1 Turn on/off Pauli blocking.

formation length
(with formation zone 7)

any positive

number
1 Formation length in fm.

tau
any positive

number
8

The parameter control the

formation length for ranft

and rl models.

first step 0, 1 0

If off, the formation zone

is applied only for the par-

ticles created during final

state interactions.
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formation zone

(0) nofz

(1) skat8

(2) cosyn

(3) cohl

(4) ranft

(5) rl

(6) delta

(7) const

(8) fz

(9) trans

fz

Formation zone models:

(0) formation zone is off;

(1) SKAT parametriza-

tion (Ref. [126]);

(2) parametrization

based on Color

Transparency mea-

surements (Ref.

[163]);

(3) coherence length

(Ref. [164]);

(4) parametrization

based on hadron-

hadron and hadron-

nucleus collision

(Ref. [165]);

(5) as (4) but with

fixed transverse

momentum equal

zero.

(6) for resonance pion

production. Based

on ∆ lifetime (Ref.

[2]);

(7) constant value;

(8) default model: (3)

for quasi-elastic

scattering, (6) for

resonance pion pro-

duction, (4) for deep

inelastic scattering

and (0) for meson

exchange current.

(9) only for nuclear

transparency analy-

sis.
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Appendix B

Response matrices

The graphical representation of response matrices used in MiniBooNE unfolding procedure

(described in Sec. 4.1) is presented for each sample of data.
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Figure B.1: Response matrices for the NCEL sample.

115



0.3 0.4 0.5 0.6 0.7 0.8 0.9
µ [GeV]

0.35
0.4

0.45
0.5

0.55
0.6

0.65
0.7

0.75
0.8

ν
[G

eV
]

0
1
2
3
4
5
6
7
8

(a) NCEL scattering on hydrogen.

0.3 0.4 0.5 0.6 0.7 0.8 0.9
µ [GeV]

0.35
0.4

0.45
0.5

0.55
0.6

0.65
0.7

0.75
0.8

ν
[G

eV
]

0
1
2
3
4
5
6
7
8

(b) NCEL scattering on a proton from carbon
unaffected by FSI.

0.3 0.4 0.5 0.6 0.7 0.8 0.9
µ [GeV]

0.35
0.4

0.45
0.5

0.55
0.6

0.65
0.7

0.75
0.8

ν
[G

eV
]

0

1

2

3

4

5

6

(c) NCEL scattering on a proton from carbon
affected by FSI.

0.3 0.4 0.5 0.6 0.7 0.8 0.9
µ [GeV]

0.35
0.4

0.45
0.5

0.55
0.6

0.65
0.7

0.75
0.8

ν
[G

eV
]

0

1

2

3

4

(d) NCEL scattering on a neutron from car-
bon.

0.3 0.4 0.5 0.6 0.7 0.8 0.9
µ [GeV]

0.35
0.4

0.45
0.5

0.55
0.6

0.65
0.7

0.75
0.8

ν
[G

eV
]

0

1

2

3

4

5

(e) Irreducible background.

Figure B.2: Response matrices for the NCEL high energy sample.
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Figure B.3: Response matrices for the NCEL proton enriched sample.
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